Continuity and Differentiability

Questionl
a(7x—12 —xz)
> , X<3
b|x*—Tx+12]
Consider the function. f(x) = sin (x—3)
g = EH ,x>3
b , Xx=3

Where [x] denotes the greatest integer less than or equal to x .
If S denotes the set of all ordered pairs (a,b) such that f(x) is continuous
at x = 3, then the number of elements in S is :

[27-]Jan-2024 Shift 1]
Options:

A.

2

B.
Infinitely many

C.

4

D.
1

Answer: D

Solution:
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a (Tx— 12—x2)
b —7x+12

f(3)= (for f(x) to be cont.)

=f(37) = EW-X{3=} A

b (x—3x—4) b
Hence f(37) = %“
lim [ sin [1—3}']

x—3

Thenf(3)=2—3"
Hence f(3)=/(3)=/(3)

~=2andf(3)=5b.

T, PR
=b=2 b
b=2,a=—4

Hence only 1 ordered pair (—4. 2) .

Question2

Consider the function f: (0, 2) — R defined by f(x) = 12r+ 2 and the function g(x) defined by
X

min{f(f)} 0<t<x and 0<x<1

x)= .. Then
&) §+x 1<x<2

[27-]Jan-2024 Shift 2]
Options:

A.

g is continuous but not differentiable at x = 1
B.

g is not continuous for all x€ (0, 2)

C.
g is neither continuous nor differentiable at x = 1
D.
g is continuous and differentiable for all x € (0, 2)

Answer: A

Solution:

Get More Learning Materials Here : & m @) www.studentbro.in



£:(0.2) —R:f(x)=

o] A
Wl ks

f(x) =

ba| —

5
5
b4

~f(x) is decreasing in domain.

t}x)

2

> X
§¢% 0<x<l
g(x)= -
3
;—"c 1<x<2
2(x) A
5
2
0 i 2
Question3

10
Letf(x) = VILm { 2(ftr )gz_é("‘)f(”)]—ﬁe i } be differentiable in (=0, 0) U (0, 0) and f(1) = 1. Then the value of ea,

r—x F —X
such that f(a) = 0, is equal to [29-Jan-2024 Shift 2]

Answer: 2

Solution:
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f)=1.f(a)=0

R o)
e =Lin | LLOSHO) 0, )

r—x X

sk ( 20) (0 -fe) _ 3, )

P rt+x X

fey= ZL0fg . -

Integrating both side
e(xte)t1+v=0
fih=1=x=1,y=1

=Sipi—iills &
e

Question4

1
— , x| =2
If the function f(x) = x| & is differentiable on R, then 48(a+b) is equal to

ax’ +2b 5| % &l

[30-Jan-2024 Shift 1]

Solution:
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1
b
S(x) axc+2b: —2<x<2

7= l: x<—2
X

Continuous atx=2 = %= 4§+.7.b

Continuous atx=-2 = %= %+2b

Since, it is differentiable atx =2

1 _
—2—2ax
x

ferenti A o S gl
Differentiable atx=2 = 2 da=a lﬁ’b g

Questionb

Let f:®- {0} — & be a function satisfyingf( Z) = % for all x, y, f(») # 0. If £ (1) = 2024, then
5 ¥

[30-Jan-2024 Shift 2]
Options:

A.

xf(x) — 2024f(x) = 0

B.

xf(x) + 2024f (x) = 0

C.

xf(x) + f(x) = 2024

D.

xf(x) — 2023f(x) = 0

Answer: A

Solution:

Get More Learning Materials Here : & m @) www.studentbro.in



(X} = f0)
3= 76
£(1)=2024
fly=1

Partially differentiating w. r. t. x

e
(35 @
y—x

1= 19
s re

20241 (x) = xf (x) =xf (x) — 2024f(x) = 0

Question6

Let a and b be real constants such that the function f defined by

Fx) = { X +3x+a, x<1

-

If(.\')

bx+2,  x>1. be differentiable on R. Then, the value of

dx equals

[30-Jan-2024 Shift 2]
Options:

A.

15/6

19/6

C.
21
D.
17

Answer: D

Solution:

Get More Learning Materials Here : &

@S www.studentbro.in



fis continuous

~ 4+a =b+2

a=b-2

f(x)=2x+3 .ox<1
b. x>1

f is differentiable

~ b=5

& a=3

Los 2
J(x"+3x+3)dx +[(5x+2) dx
=2 1

xs 3~:lc2 1 SXE .
= 24 22 4 +| 2+
[ 3 2 3"]-; [ 2 2"]1

| 3 5
=1 55

3

=6+ 2+12- 2=17
2

b3 | th

i | %8+6—6) +(10+4- 5—2)

Question7

Consider the function f: (0, «*) — R defined by f(x) = °

—|log x

"- If m and n be

respectively the number of points at which f is not continuous and f is

not differentiable, then m+n is

[31-Jan-2024 Shift 2]
Options:

A.

0

B.

D.
2

Answer: C

Solution:
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m = 0 (No point at which function is not continuous)

n= 1 (Not differentiable)

~m+tn=1

Question$8

Letf : R — R be defined as

a—bczoslr : £<0
X
fe)= 2
X text2 4 0=x=1
2x+1 : x>1

If f is continuous everywhere in R and m is the number of points
where f is NOT differential then m + a + b + c equals :

[1-Feb-2024 Shift 1]
Options:

A.

1

B.

A
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D.
2

Answer: D

Solution:

Atx =1, f{x) is continuous therefore,
(1) = (1) = f(17)
f(1)=3+c ...... (1)

f(lj = 11'1112(1 +h)+1
h—0

f(1)=1lim3+2h=3 ....(2)
=0

from (1) & (2)
c=0

at x = 0. f{x) is continuous therefore,
f0)=H0)=£0") .....(3)
f(0)=£(0")=2 .....(4)

f(0") has to be equal to 2

lim 9= b cgs@h)
h—0 h

16kt
. “_b{l_zr+4! +}
lim -
h—0 h

a-b+b {2&2—?“...}

lim 5
h—0 h

for limit to exista—b=0and limitis 2b ........ (5)
from (3), (4) & (5)
a=b=1

checking differentiability atx=0
l—cos2h _

5 2
h
LHD: lim =
h—0
3 4
1—(1—% %...]—2}3
lim - =0
h— 0 i
+h)Y+2-
RHD : ]_i_[n 7(0 h) 2 2:0
h—0 h

Function is differentiable at every point in its domain
~m=0

m+a+tb+c =0+1+1+0=2
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Question9

Let f(x) = 2| x2 + 5|x| —3|, x€R. If m and n denote the number of points
where f is not continuous and not differentiable respectively, then m +
n is equal to :

[1-Feb-2024 Shift 2]
Options:

A.

5

B.

D.
3

Answer: D

Solution:

f)=27+5x| -3

Graph of y= | 2" + 5x— 3|

-3 -5/4 12

v

Graph of f(x)

]
g | — 9

Number of points of discontinuity =0=m

Number of points of non-differentiability =3 ==n
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Questionl0

XZSin(l) x#z0
Let f(x) = x! .; Thenatx=0
0 ,x=0

[24-Jan-2023 Shift 1]

Options:

A. f is continuous but not differentiable
B. f is continuous but f is not continuous
C. f and f ' both are continuous

D. f is continuous but not differentiable

Answer: B

Solution:
Solution:
Continuity of f(x) : f(0*) = h? - sin % =0
£(07) = (~h)?-sin ( 1) =0
f(0)=0
f (x) is continuous
1
h?-sin (=] =0
h-0 h h
. 1
h? - sin (—) -0
07 = Tim L(0—=h)—=F(0) _ —h _
f(07) = &T}) - - 0
f (x) is differentiable.
) = 9% - <in | L 2, 1)y, -1
f (x) =2x"-sin ( x) +x COS( x) 22
. 1 1
f'(x)= { 2x sm(;) cos(;) x:tO.
0 x=0

(x) is not continuous (as cos( %) is highly oscillatingatx =0)

Questionll

If the function

(1+|cosx|)L ,0<x< 2
|cos x| 2
=1
f(x) = H X=5 0.
cot6x
ecotdx , %<X<1‘I
- . _ - - - — ' Ry . -
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[25-Jan-2023 Shift 2]
Options:

A 11

B. 8

C.2e*+8

D. 10

Answer: D

Solution:
Solution:
cot6x sin 4x - cos6x
= lim gcot4dx = lim gsin6x-cos4x = g2/3
+ +
X — X = —
A |

= lim_(1+ | cosx||COSX = eh,

X - —
=>f(n/2)=1
For continuous function =e*/3 =¢e* =
A= % n=e’’?

Now, 9A + 6log,p + n® — e® =10

Questionl2

Let a € Z and [t] be the greatest integer <t. Then the number of points,
where the function f(x) =[a + 13 sin x], x € (0, 1) is not differentiable,

is
[6-Apr-2023 shift 1]

JIULULLLULL.

Solution:
f(x) =[a+13sinx] =a+[13sinx] in (0, )
x € (0, m)
=20<13sinx =13
=[13sinx]={0,1,2,3,...12,13,}
Total point of N.D. = 25.

Questionl3
Letf : (-2, 2) » R be defined by

f(X)= { (x[x] —2<x<0.

x—1)[x] O0=x<2
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where [x] denotes the greatest integer function. If m and n respectively
are the number of points in (-2, 2) at which y = | f(x)]| is not continuous

and not differentiable, then m + n is equal to
[10-Apr-2023 shift 1]

Sol1ution:
—2x —-2<x< -1
—-X -1=x<0
f(x) =
0 0=x<1
x—1 1l=x<2
Clearly f (x) is discontinuous at x = —1 also non differentiable.
S.m = ]_

Now for differentiability

-2 -2<x<-1

, -1 -1<x<0
f(x)=
0 0<x<l1
-1 l<x<?2
Clearly f (x) is non-differentiable atx = -1, 0, 1
Also, |f (x)] remains same.
.n=23
Sm+n=4
Questionl4

Let f (x) = [x*> — x]+ | —x + [x]], where x € R and [t] denotes the greatest

integer less than or equal to t. Then, fis :
[11-Apr-2023 shift 1]

Options:

A. not continuous atx=0and x =1

B. continuous at x =0 and x =1

C. continuous at x = 1, but not continuous at x = 0
D. continuous at x = 0, but not continuous atx = 1

Answer: C
Solution:

Solution:

Here f (x) = [x(x — 1)] + {x}
f0")=-14+0=-1f(1")=0+0=0
f(0)=01f(1)=0

fl17)=-1+1=0
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Questionl15

x+1

Let f and g be two functions defined by f (x) = {

g(x) = { * ' X7 .Then (gof) (%) is
[11-Apr-2023 shift 2]

Options:

A. continuous everywhere but not differentiable at x =1

B. continuous everywhere but not differentiable exactly at one point
C. differentiable everywhere

D. not continuous at x = —1

Answer: B
Solution:

Solution:
x+1 x<0
f(x) = 1-x 0=sx<1.
x-1 l1=x
x+1 x<0
g(x) = .
1 x=0
x+2 x<-1

f(x) = :
L el

~.g(f(x)) is continuous everywhere
g(f(x)) is not differentiable atx = —1
Differentiable everywhere else

Questionlo6

[x = 1],

x<0
. and

x=0

Let [x] be the greatest integer =x. Then the number of points in the
interval (-2, 1), where the function f(x) = |[x] | +Vx - [x] is

discontinuous, is .
[12-Apr-2023 shift 1]

Solution:
Need to check at doubtful points
discont at x | only

at x=-1=f(-1")=1+0=1
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=>f(-1")=2+1=3

at x=0=f0")=0+0=0
=2f07)=14+1=2

at x=1=f(1"=1+0=1
=2f(17)=0+1=1
discont. at two points

Questionl?

Let [x] denote the greatest integer function and

f(x) =max{1+x+1[x], 2+x, x+ 2[x]}, 0 =x = 2. Let m be the number of
points in [0, 2], where f is not continuous and n be the number of points

in (0, 2), where f is not differentiable. Then (m + n)? + 2 is equal to

[15-Apr-2023 shift 1]
Options:

A.6

B.3

C.2

D.11

Answer: B

Solution:

Solution:
1+x; x€[0,1)

Let gx)=1+x+[x] = { 2+%x; x€I[1,2).

5; X =2
X x €[0,1)
Ax) =x+2[x] = { x+2; x€I[L,2).
6; X =2

rx)=2+x
2+x;, x€][0,2)
f(x) = .
6; X =2
f(x) is discontinuous onlyatx=2=m =1
f(x) is differentiable in (0, 2)=>n =20
m+n)?+2=3

Questionl$8

sin(x — [x])
X — [x]

max{2x, 3[|x|]}
1

Let f(x) =

x € (-2, -1)

where [t] denotes greatest integer

=t. If m is the number of points where f is not continuous and n is the
number of points where f is not differentiable, then the ordered pair
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[24-Jun-2022-Shift-2]
Options:
A. (3,3)
B. (2, 4)
C.(2,3)
D. (3, 4)

Answer: C

Solution:
Solution:
sinx — [x]) 2
D
fx)= max{2x, 3[1x[]} =
| otherwise .
sin(x - 2) g
s e (2 =1
)= ’ e
2 xE(0. 1)
1 otherwise .

It clearly shows that f{x) is discontinuous

At x=-1. 1 also non differentiable

andatx=0,L.H .D= lim Ww

h—0

R HD = 1 {OZRZ0 =)

h—1
~f(x) is not differentiable at x=0

am=2 n=3

Questionl9

2x—-3 x<0

, where [t] is the greatest
2x+3 x=0.

Let f(x) = [2x* + 1] and g(x) = {

integer =<t. Then, in the open interval (-1, 1), the number of points
where fog is discontinuous is equal to
[25-Jun-2022-Shift-2]

Answer: 62
Solution:

Solution:
flalx)) = [2a%(x)1 + 1
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~ { [22x—3)’1+1;x <0
[22x +3)* 1+ 1; x = 0.

- fog is discontinuous whenever 2(2x — 3)% or
2(2x + 3)? belongs to integer except x = 0.
.62 points of discontinuity.

Question20

Let f, g : R =» R be two real valued functions defined as

f(X)= { —|x;|-3| x<0

e x=0

2 + k x x<0
and g(x) = '

4x+k2 x=0

where k; and k, are real constants. If (gof) is differentiable at x = 0,
then (gof) (—4) + (gof )(4) is equal to :

[26-Jun-2022-Shift-1]
Options:

A 4(e*+1)

B. 2(2e* + 1)

C. 4e*

D. 2(2e* - 1)

Answer: D

Solution:

Solution:
- gof is differentiable at x =0
SoRHD=LHD
:—xHex—i:zj: di;:((—;x—_%i):—kl x+3)
S4=6-k =h=2
Also f(f(0)) = g((07)
4=k =9-3k = k=—1
Now g(f (—4)) ~ g(f(4))

=g(-1)—gle) =(1- k)~ (e’ + k)

Question21
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where f is not differentiable and n is the number of points, where f is
not continuous, then the ordered pair (m, n) is equal to
[26-Jun-2022-Shift-2]

Options:
A. (2,0)
B. (1, 0)
C.(1,1)
D.(2,1)

Answer: B

Solution:

Solution:
Fx)=mmn{l, 1 +xsmx}, 0=x=<x

= '” 1 D=x<m

1 l+xsinx w<x=<2x

Nowatx =z, limf(x)=1= lim /(z)
~fix) is continuous in [0, 2x]
Now,atx =1L H D= lim LR -/@ -,

h—1 —h

R.H D= lin 1@™HS@_ @ hsinh-1__,
k=0 h h

~fix) is not differentiable at x =1

~(m, n)y=1(1,0)

Question22

Let f: R - R be defined as

[e*], x<0

*+[x—-1], 0=sx<1
f X — ae” +
( ) b+ [sin(ox)], 1 =x<2

[e¥]—c, x=2.

where a, b, c € R and [t] denotes greatest integer less than or equal to t.
Then, which of the following statements is true?
[28-Jun-2022-Shift-1]

Options:
A. There exists a, b, ¢ € R such that f is continuous on R.
B. If f is discontinuous at exactly one point, thena+b+c =1

C. If f is discontinuous at exactly one point, thena+b+c = 1
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Answer: C

Solution:
Solution:
0 x<0
ae*-1 0=x<1
f(x) = b x=1
b-1 1<x<?2
—-C X =2
To be continuous atx = 0
a—-1=0

to be continuous atx = 1

ae —1 =b =Db - 1= not possible

to be continuous atx = 2

b-1=-c=b+c=1

Ifa=1andb+c =1 then f(x) is discontinuous at exactly one point.

Question23

Let f, g : R =» R be functions defined by

f(x) = { . x<0 and

[T -x%|, x=0.

(X)_ e’ —x, x<0
g x—1)2%-1, x=0.

where [x] denote the greatest integer less than or equal to x. Then, the

function fog is discontinuous at exactly :
[28-Jun-2022-Shift-2]

Options:

A. one point

B. two points
C. three points
D. four points

Answer: B
Solution:

Solution:
’ < 0
£(x) = { [x] X
[1-x%], x=0

e’ —x, x<0

and g(x) = {
x-1)2%-1, x=0
[g(x)], gx)<O

f o g(x) = { .
[1-g(x)], gx)=0

Get More Learning Materials Here : & m

@ www.studentbro.in



A
L 4
3

v

(graph of y = g(x))

[1+x—¢€, x<0
_ 1, x=0
- [(x—1)2—-1], 0<x<2

2-x-1)?%, x=2

So, x = 0, 2 are the two points where fog is discontinuous.

Question24

Let f : R » R be a function defined by :

max{t®-3t}; x=2

t=x
f(X)= x> +2x—6; 2<x<3
[x—-3]1+9; 3=x=5
2x +1; x> 5.

where [t] is the greatest integer less than or equal to t . Let m be the
number of points where f is not differentiable and I = Jj 2f (x)dx . Then

the ordered pair (m, 1) is equal to :
[29-Jun-2022-Shift-1]

Options:
27
A (3, %

B. (3, £)

c. (s, 2]

p. (4. %)
Answer: C

Solution:
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f(x)=x3—3x x=<-1

2 -l<x<?2
x*+2x -6 2<x<3
9 3=x<4 -
10 4=x<5
11 x=5
2x +1 x>5

Clearly f(x) is not differentiable at
x=2,3,4,5>m=4
27

-1 2
I=[&-3x)dx+ [2-dx= =~
-2 -1 4

Question25

The number of points where the function

2x*-3x—-7| if x=-1
f(x) = [4x% — 1] if —1<x<1
[x+ 1| +|x—2| if x=1.

[t] denotes the greatest integer <t , is discontinuous is
[24-Jun-2022-Shift-1]

Solution:

“f(-1)=2and f(1)=3
Forxe(-1.1), (4’ - 1) e[-1,3)
hence f(x) will be discontinuous at x=1 and alsa

whenever 4" — 1 = 0,1o0r2

[ | V3

:~x::—=:—and:—

277 V2 v,

S0 there are total 7 points of discontinuity.

Question26

4x*> —8x +5/,if8x* = 6x+1 =0
Let f (x) = | | ,
[4x? — 8x + 5],if 8x* —6x+1 <0

where [a] denotes the greatest integer less than or equal to a. Then the
number of points in R where f is not differentiable is
[25-Jul-2022-Shift-1]
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Answer: 3

Solution:

Solution:

|4x* —8x + 5| if 8x*—6x+1=0
f(x) =

[4x* — 8x + 5], if 8x*—6x+1 < 0.

2 _ i e L 1
{ 4x“ - 8x + 5 1fx€[ ©, 7 U 2,00)

[
[4x2 — 8x + 5] ifxe(%,%).

Question27

x+1, x<0 .
are continuous on R,

If f(x) = { xra x=9 ond g(x) = { (

x—4]|, x>0. x—4)+b, x=0.

then (gof )(2) + (fog)(—2) is equal to :
[26-]Jul-2022-Shift-1]

Options:
A. =10

B. 10

C.8

D. -8
Answer: D

Solution:
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La=4andb=1-16=-15
then (g ° £)(2) + (fog)(—2)
=g(2) +f(-1)
=-11+3=-8

Question28

If for p # g # 0, the function f (x) = 7!&’7(;291(;)__93 is continuous at x = 0,
then :

[27-Jul-2022-Shift-2]

Options:

A. 7pgf(0)—1=0

B. 63qf(0) —p* =0

C.21qf(0) —p*=0

D. 7pgf (0) =9 =0

Answer: B

Solution:

Solution:
7 —

f(x) = ;/p(729 +x)—3

V729 + gqx — 9

for continuity at x = 0, limf (x) = £(0)
x-0
B —

Now, - limf (x) = lim —YR{729 +X) =3

x-0 x-0 V729+qgx -9
=>p = 3 (To make indeterminant form)
1

7 7 _
So, limf (x) = lim 8- +¥3%)/ =3
x-0 x-0 l
(729 +qx) 3 -9
1
X \7_ ] 1.1
_ i 3[(1+36) oy 7
T o0 [ 1 " 31 _q
qa_)\3_ ] 3 729
9 (1+729x) 1

£(0) = =
“H0) = 7o

.. Option (B) is correct.

Question29

The function f : R -» R defined by

— 2n i —_— (] (] (]
f(x) = i ©SER2C B js continuous for all x in :

[28-Jul-2022-Shift-2]

Options:

A.R-{-1}

Get More Learning Materials Here : & m @) www.studentbro.in



C.R—-{1}
D.R- {0}

Answer: B

Solution:
Solution:
_ .. cos(2mx) — x*" sin(x — 1)
f(x)_nh_r)ri L+l g
For |x| < 1, f(x) = cos2mx, continuous function
%005211}( — sin(x—1)
x| > 1, f(x) = lim = :
n = e ﬁ + X — ].

X

= M, continuous
x—1
1 if x=1
For x| =1, f(x) =
—(1 + sin2) if x=-1.

Now,
lim f(x) = —1, lim f(x) = 1, so discontinuous atx =1
x-1* x->1"
limf(x) =1, lim f(x) = - % so discontinuous atx = —1
x-1* x--1"

~f(x) is continuous forallx € R—- {-1, 1}

Question30

The number of points, where the function

f:R-R, f(x)= |X—1|COS|X—2|SiIl|X-1|+(X—3)X2—5X+4|,is

NOT differentiable, is :
[29-Jul-2022-Shift-1]

Options:
A1l
B. 2
C.3
D. 4

Answer: B
Solution:

Solution:
f:R->R

f(x)= |x—1|cos|x—2]| sin|x—1]+(x—3)|x*—5x+4
=|x—=1]cos|x—=2]|sin|x—-1|+(x—-3)|x—-1]|]|x—4]
=|x—1][cos|x—=2| sin|x—1]|+(x—3)]|x—4]]

Sharp edgesatx=1andx =14
.. Non-differentiable atx=1andx =4

Ouestion31
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loge(l + 5x%) — loge(l + axx)
Let the function f(x) = X
10

x = 0.
Then «a is equal to
[29-]Jul-2022-Shift-2]

Options:
A. 10

B. -10
C.5

D. -5
Answer: D

Solution:

Solution:
f (x) is continuous atx =0
~f(0) = limf (x)

x-=0

log (1 + 5x) —log (1 + ox

=10 = lim 9 ) A )
x-0 X

1 1+
= lim 1291 +5%) 5 _ log,(1 + ax) X o
5x ox

x-0
=1Xx5—-a«
=2qa=5-10=-5

Question32

;ifx=#0

; if x=0.

be continuous at

If [t] denotes the greatest integer <t, then the number of points, at
which the function f(x) = 4| 2x + 3| +9[x+ 1] - 12[x + 201 is not

differentiable in the open interval (—-20, 20), is

[29-Jul-2022-Shift-2]

Solution:
f(x)=4| 2x+3‘+9[x+ %] — 12[x + 20]

=4|2X+3‘+9[X+ %] - 12[x] — 240

f (x) is non differentiable at x = — %

and f (x) is discontinuous at {—19, —18, ..., 18, 19}
39 37 3 1 1 39

as well as {—7,—7,...,—5,—5, z,..., 7},

at same point they are also non differentiable
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.. Total number of points of non differentiability
= 39 + 40
=79

Question33

Let f : R » R be defined aslIf f (x) is continuous on R, then a + b equals
[2021, 26 Feb. Shift-11]

Options:
A. -3
B.-1
C.3
D. 1

Answer: B
Solution:

Solution:

Given, f (x) is continuous on R.

If f (x) is continuous, then f is continuous atx =1

= lim f(x) = f(1) = lim f(x)
x-1" x-1"

= |a+1l+Db]| =sinn=0

=a+b=-1...()

Also, f is continuous atx = —1

= lim f(x)=£f(-1) = lim f(x)
x->-1" x-»-1%

~2sin ( ‘7“(—1)) - |a—1 +b|

= 2= ]la+b-1].../(ii

Eq. (ii) is satisfied.

L at+b=-1

Question34

Let f be any function defined on R and let it satisfy the condition
If(x) - f(y)|=| (x-y)?|,VY(x,y) ERIf£(0) = 1, then
[2021,26 Feb. Shift-11]

Options:

A. f (x) can take any value in R
B.f(x) <0, VxXE€R
C.f(x)=0,VxeR

D.f(x) >0, Vx&€R

Answer: D

Solution:
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Given, |f(x) = f(y)| =x—y|°

=,J—Ml()_f|( ) sx—y|
X—y

Now, taking the limit,

lim | £®) —{) | <lim

x=y X—-y X-y )

=f (y) | =0 [ using the definition of f (y) ]

=f (y) = 0 [since, modulus value can never be less than 0 ]

On integrating it, we get

f (y) = c (constant)

Given, f(0) =1 givesc =1

S f(y)=1VyE€R

From given options, f(x) > 0 Vx € R is satisfied only.

X—y|

Question35

Let f (x) be a differentiable function at x = a with f'a =2 and
f(a) = 4.Then, jin 1=K equals

X—a
X—a

[2021, 26 Feb. Shift-II]
Options:
A.2a+4
B.4-2a
C.2a-4
D.a+4

Answer: B
Solution:

Solution:
lim xf (a) — af (x)
X-a X—a
- lim xf (a) — af (x) + af (a) — af (a)
x-a X—a
_ iy X~ a)f (@) —alf (x) ()]
X-a X—a
= lim X —a)f(@) _
X—a X = X—-a —a
= f(a) - af (a) ,
=4 —a(2) [ Given, f(a) =4, f (a) = 2]
=4 -2a

Question36

min{|x|, 2 - x*} —-2<=x=<2
[Ix]1,2<|x]|=3.

A function f is defined on [-3, 3] as f(x) = {
where, [x] denotes the greatest integer =x. The number of points, where

f is not differentiable in (-3, 3) iS ..cceeeeee
[2021, 25 Feb. Shift-II]
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Answer: 5
Solution:

Solution:
For this particular problem, try to draw graph in the region (-3, 3), it will be as follows,

Thus, points of discontinuity will be at —2, 2 because the curve breaks at these points and at —1, 0, 1 because curve has
sharp points.
.. Point of discontinuity are -2, —1, 0, 1, 2 i.e. 5 points.

Question37

The number of points at which the function
f(x) = |2x+1|-3x+2| +x° +x — 2| x € R is not differentiable, is

[2021, 25 Feb. Shift-1]

Answer: 2
Solution:
Solution:
Given,
f(x) = |2x+1]|=3x+2|+x*+x—2|
= |2x4+1|-3x+2|+|x+2|xx—-1|
Here, critical points are x = _7 -2,1
2
x“+2x+3
x< -2
2
-Xx"=—6Xx—5
f(x)= - =1
2<x< 5
-x*-2x-3
_71<x< 1.
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2x + 2

X< -2
—-2Xx—6
Now, £ (x) = m2<x< &
—-2x -2
_71<x<1
2X
x>1

Now, f'(x) at1l, —2and —1/2.
Forx =1,
f(x)=2x=2x1=2
and —2x— 2 = —(2 X 1) — 2 = —4 both are not equal.
. Non-differentiable atx =1
Similarly, forx = =2,
f(x)=2x+2=2x(-2)+2=-2
and —2x— 6 = —2 X (—2) — 6 = —2 both are equal.
.. Differentiable atx = —2
andforx=-1/2,f(x) = -2x—-6
1

=-2x| =) -6=-5 and
=

—2x—2=-2X ( _71) — 2 = —1 both are not equal.
.. Non-differentiable atx = -1/ 2

.. The number of points at which f (x) is non-differentiable is 2 .

Question38

Iff : R - Ris a function defined by f (x) = [x — 1] cos (
denotes the greatest integer function, then f is

[2021, 24 Feb. Shift-1]
Options:

A. discontinuous only at x = 1

B. discontinuous at all integral values of x exceptatx =1

C. continuous only atx =1
D. continuous for every real x

Answer: D
Solution:

Solution:
2x — 1

Given, f(x) =[x —1]cos 5

) n where [-] is greatest integer functionand f : R—» R

2x —1

5 ) 11, where [.]

" It is a greatest integer function then we need to check its continuity at x € I except these it is continuous.

Letx =nwherene€l
Then, LHL = lim [x — 1]cos(

X-n"
2n—-1
2

2X2_1)1'I

= (n - 2)cos )n=0
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2n—-1
—(n—2)cos( 5 )1'[—0
and f(n)=0.
Here, lim f(x) = lim f(x) = f(n)
x-n x-n*
.~ It is continuous at every integers.
Therefore, the given function is continuous for all real x.

Question39

If f : R - Ris a function defined by f (x) = [x - 11 cos 271 ) n, where [.]

denotes the greatest integer function, then f is:
24 Feb 2021 Shift 1

Options:

A. discontinuousatall integral values of x exceptat x = 1
B. continuous only at x = 1

C. continuous for every real x

D. discontinuous only at x = 1

Answer: C

Solution:

Solution:
Forx=n,n€?Z

LHL = lim f(x) = lim [x — 1]cos| 2X2‘ Ln=o0
RHL = lim f(x) = lim [x - 1]cos | 2"2‘ Ln=o0
f(n) =0
sIHL=RHL =f(n)
=f(x) is continuous for every real x.
Question40
L 2
If f(x) = Ix] x| =1;ax"+b,;, | x| <1.is differentiable at every

point of the domain, then the values of a and b are respectively
[2021, 18 March shift-1]

Options:

A.

N| =
N+~

B.

N|—
I
N

~ R
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D. -

’

3
2

N |+

Answer: D
Solution:

Solution:

X 21;ax2+b,, <1.

Given, f(x) = { |1Y| x

1 x<-1lorx=1
=>f(X)= |X|

ax’+Db -1<x<1.
=1 x=<-1
X
= f(x) = ax’+b -1<x<1
1 x=1
X

Given, f (x) is differentiable at every point of domain. .- f'(x) =

~f(x) is differentiatble atx =1
.'.(LI'-IDatx,= 1)=(RHDatx=1)
> f(1)=f@1")

1

= 2a=—1=>a=—§

As, we know that, a function is differentiable at x = a, if it is continuous at x = a.

Hence, f (x) is also continuous atx = 1.
iie, (LHLatx=1)=(RHLatx=1)=1f(1)

= a+b=1

= (— %) +b=1

= b= %

Hence,a=—%,b= %

Note You can also (or apply) continuity and differentiability at x = —1.
Question41

Let f : R - R be a function defined as

sinfa+ 1)x+sin2x

ox if x<O

f(x) = b if x<0
Vx +bx® —Vx

bx°/? if x> 0.

If f is continuous at x = 0, then the value of a + b is equal to

[2021, 18 March Shift-II]
Options:

A -2
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B. -2

C.-3
D. -2
Answer: D
Solution:
Solution:

sin(a + 1%§+sin2x x <0
Given, f (x) = b x=0

—
x +bz§/2— vx >0

* f(x) is continuous at x = 0.
“ lim f(x) = lim f(x) = £(0) ...(i)

x-0" x-o0t
f(0)=b ...... (i)
lim f(x) = lim ( sin(a + 1;X+sm2x)
x-0" x-0" X
= lim f(x) = lim ( Sln(az+ Dx Slr212x)
x-0" x>0~ X X
— 1 sin(a+ 1)x a+1 sin2x
_Xl_,()‘( (a+1)X ( 2 )+ 2% )
= aJ2’1+1...(iii)
—
Again, lim f(x) = lim W)
x-0" x -0t bx

(Vx + bx® — vx) [Vx + bx® + vx)

= lim —
x> 0" bx®/2({x + bx® + Vx|
. (x + bx’ —x)
x-0" bx® [ Vx + bx® + Vx|
vx

= lim ————
x—>0+\/X(‘/1+bX2+1)

S lmf(x) = =. .. (iv)
e 2

From Eq. (i), (ii), (iii) and (iv)
1 _, _ a+1
Z=b=22141

= b= %,a

-2

“a+bs=

|
|

Question42

Let f : R - R satisfy the equation f(x+y) =f(x) - f(y) for all x, y € R and
f (x) # 0 for any x € R. If the function f is differentiable at x = 0 and
f (0) = 3, then 1n (f (h) — 1) is equal to............

h-0

[2021, 18 March Shift-II]
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Answer: 3
Solution:

Solution:
Method 1
Given, f(x+vy)=f(x)-f(y) VX, y €R
S f(x) =a*
= f(x) =a*-log(a)
Now, f'(0) = log(a)

= 3 =log(a)
>a =6
-.-f(X) = (e3)X=e3X
f(h) ="
(f(h)—l) e —1
Now, lim | ——— =lim( )
h-0 h h-0 h
3h
o e’ -1 )
—I}I_I)I})( 30 X 3
=3x1=3
Method(2)
- m L _ [
Let L= lim (£ (h) 1) 2 form )
fx+y) =f(x)+1f(y)
Put x=y=0

~ £(0) = £(0) - £(0)
= [f(0))* = f(0)
= [f(0)*—f(0) =0
= f(0)[f(0)—1]1=0
= f(0)=0,f(0)=1
Rejected because f(x) # 0, Vx € R
L f(0)=1
Using L-Hospital Rule,

L = i LB =0

) h-0 1
=f(0)=3

Question43

If the function f (x) = costsinx —cosx jg continuous at each point in its
X

domain and £ (0) = 1, then k is .......... .
[2021, 17 March Shift-1]

Solution:

f(x) = cos(sinil)1 — COSX
As, f (x) is continuous everywhere, so
f(0) = limf(x)
x=-0
- lim cos(sinx) — cosx
x=0 X4
On expanding the numerator and only identifying the coefficient of x* will give us the required limit.
.2 .4
sin“x | sin'x
2 T2 )

cos(sinx) = (1 -

(x— X€)2+ 21—4(x)4
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cosx=1- 5+ 55

Question44

Consider the function f : R -» R defined by Then, f is

f(X)= [2—sin(%)]|x|, x#0
0

[2021, 17 March Shift-II]
Options:

A. monotonic on (=, 0) U (0, «)

B. not monotonic on (—«, 0) and (0, «)
C. monotonic on (0, «) only

D. monotonic on (—«, 0) only

Answer: B
Solution:
Solution:
Method (1)
. [2—sin(l)]|x|,x¢0
Given, f(x) = X .
0 x=0
Here, f (x) is an oscillating function which is non-monotonic in (—w, 0) U (0, ).
Method (Il)
—(2—sinl)x x<0
X
s f(x) = 0 x=0
(2-sini)x x>0
X
From above we observe that, f (x) is continuous and f ( ) =f ( ) = So f (x) is non-monotonic in (0, ).

Further, lim (f) » « and limf (x) » »

X —® X = ©

and f(0) =0
Hence, f (x) is non-monotonic on (—«, 0) U (0, «).
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Question45

Let the functions f : R-» Rand g : R = R be defined as

x<O0

f(X): { X;z =0

and g(x) = {

3x—2

Then, the number of points in R, where (f 0og)(x) is not differentiable is

equal to

[2021, 16 March Shift-1]

Options:
A. 3
B.1
C.0
D. 2

Answer: B

Solution:
Solution:
X+ 2 x<0
f(x) = {
x2 x = 0.

x3 x<1
g(x) =
3x—2 x=1.

gx)+2 glx)<0

flg(x)] = { 2

&
.‘.

o
&/
/ oy

When g(x) < 0 = g(x) = x3,x<0

When g(x) = 0 = g(x) = {

X+ 2
flgx)] = x°
(3x — 2)?

As, polynomial function is continuous everywhere in its domain. So, f[g(x)] will be continuous everywhere at x < 0,
0 <x<1andx> 1. We will check the behaviour of f og(x) only at boundary points whichisx =0 and x = 1.

limx®=0">0"(x*+2)=2

x=0,

Clearly, LY"HL# RHLatx =0

Cn f o ~lv) ic dicrantiniiniic at v = N
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lim (3x — 2)%~ ! (lim® = 1

x-1*

Also f(1) = 1 fog (x) is continuous atx =1
Derivative testatx = 1,

LHD = lim £ =f(1 =h)
h-0 h
. 1—-(1-h)"
=11m7
h-0 h
= lim6(1 —h)°=6
h-0
RHD = lim L1+ =f()
h-0 h
2
_ i B +h) =271
h-0 h
= 1lim2[3(1 +h)—-2]1-3=6
h-0

.. fog (x) is continuous and differentiable atx = 1.

Question46
Letf : R-»Rand g: R - R be defined as

f(X)= { X+ a x<0 and

[x-—1 x=0.

g(X)= { x+1 x<0

x=12%+b x=0.

where a, b are non-negative real numbers. If ( gof) (x) is continuous for
all x € R, then a + b is equal to..........
[2021, 16 March Shift-II]

() { X+ 1 x<0
g(x) =
x-—12+b x=0.
f 1 f 0
glf (x)] = { o b <
[f(x)— 1% +b, f(x)=0.

f(x) <0

Caselx+a<0Oandx<0O=x< -—a

Casell |x— 1| < 0 and x = 0= Not possible f(x) = 0
Caselx+a=0andx<0=x€&€[—a, 0)

Casell |x—=1|=z0andx=0=x=0

x+a+1 X< —a
glf (x)] = (x+a—-1)>%+b —a<x<0

(jx—=1]-1)*+Db x = 0.
This is continuous function.
Since, g[f (x)] is continuous for all x € R
So, g(f (x)) will be continuous atx = —aandx =0
Now, atx = —a
LHL = RHL = value of function
=21=14+b=1+b=b=0
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Atx =0

LHL = RHL = value of function
»(@a-12+b=>b
>@a-12%=0

=a=1

Hence, a+b=1

Question47

cos” (1 — {x}?%)sin" (1 — {x})
Let a € R be such that the function f (x) = {x} — {x}°

a x = 0.

is continuous at x = 0, where {x} = x — [x], [x] is the greatest integer less
than or equal to x.

Then,

[2021, 16 March Shift-II]

Options:
= I

A o= 7

B.a=0

C. no such o exists

_ o
D.a= Z
Answer: C
Solution:
Solution:

{ cos” (1 — {X}Z)sin_;(l - {x}) %0
Given, f(x) = {x} — {x}
a x = 0.

{x} =x-I[x]
So, whenx -» 0%
={x}=x-0=x
And, whenx -» 0~
=>{x}=x+1
LHL = lim f(x)
x->0"
— i €081 = (1 +%)*Isin”'[1 — (1 +x)]
X0 (1+x)—(1+x)°
cos_l(—x2 - 2x)sin_1(—x)

=l T+ T+ 01 =1=x)
- lim cos™ (—x?% — 2x)

ro0 (T+x)(x+2)
_ cos™1(0) _n
T 12 T 4
RHL = lim f (x)

x - 0%
“1g1 _ o2vein—lp1 _

- lim cos” (1 —x%)sin” (1 —x)

X0 x(1—-x)(1+x)

-1 2

= Tim cos (1 —x%)

2450 X
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= hm%
2550 11 —=(1-x)>

I 2lim X
2 x>0 V2x? —x*

nlim

R

V2

IHL= ZandRHL= L
4 V2

Hence, LHL # RHL

So, the function will be discontinuous for every value of a € R.

. No such a exist.

Question48

Letf : S-S, where S = (0, ) be a twice differentiable function, such
that f(x + 1) = xf(x). If g : S - R be defined as g(x) = log_f (x), then the

value of g (5) — g"(1)| is equal to

[2021, 16 March Shift-II]
Options:

205

197
B. m

187
C. m

D.1

Answer: A
Solution:

Solution:

We have, f : S-S, S = (0, »)
fx+1)=x f(x)

g:S-R

g(x) = logf (x)

To find g (5) — g (1)]

= g(x+1)=1logf(x+1)
= g(x+ 1) =log[x-f(x)]
= g(x+ 1) =logx +logf (x)
= g(x+ 1) =logx + g(x)
= gx+1)—g(x) =logx

=>g(x+1)—g(x)=1/x

=>g”(x +1)— g”(x) _ __1

" " X2
x=1,9(2)-g(1)=- - (i)
x=2,9(3)— g(2)=—1/4 - (i)
x=3,g(4)-g((3)=-1/9... i)
x=4,9(5) - 9(4)——1/16 - (iv)
Adding Egs. (i), (ii), (|||) and (i )
g3 -g() =-1-7- - L
__ 144+36+16+9)
144
-205
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S0, 19'(5) - g (1) = 222

Question49

Let f : [0, 3]rightarrowR be defined by
f (x) = min{x — [x], 1 + [x] — x]where [x] is the greatest integer less than
or equal to x. Let P denote the set containing all xin(0, 3), where f is
discontinuous and Q denote the set containing all xin(0, 3), where f is

not differentiable.

Then the sum of number of elements in P and Q is equal to ............. .

[2021, 27 July Shift-1]

JULUWULALULL.

f(x) = min{x — [x], 1 + [x] — x}
f(x) = min({x}, 1 — {x})

K A ~ ) =x—x]
\ \.:Y:J Y
A \\ -/ “\ ’ ‘\\ Hxy= =¥ =
L/ N N Jid=[x]-x+1
1 P 3
50, the graph of f{x) will be
1’,? IA\ }h\
r it i 4
P N /
0 f2 1 3/2 ! 52

f is continuous everywhere for 0 = x < 3. But f is non-differentiable at x =

So, if set A denotes the points of discontinuity, then n(A) = 0.
And if set B denotes the points of non-differentiable, then

n(B) =5
“nA)+nB)=0+5=5

Questionb0

Letf : | -1% H) - R be defined as

4 4
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3a

(1+ | sinx|) [sinx| _T<x<0
f(x) = b, x=0
cotdx
ecot2x’ 0<x< %

If £ is continuous at x = 0, then the value of 6a + b2 is equal to
[2021, 27 July Shift I]

Options:
Al-e
B.e-1
C.1+e
D.e

Answer: C
Solution:

Solution:

f:(—%,g)—»R

3a
(1+ | sinx]) [sinx]| - g <x<0

f(x) = b x=0

cot4dx
ecot2x 0<x< =.

Given f (x) is continuous atx =0
LHLatx =0
Putx=0-h
3a
we get lim (1 — sinh) sinh
h-0

lim (1 - sinh - 1)
eh 0 . _3a

— 3a
—sinh

3a
lim (1+ | sinx|) [sinx|

x-0"

lim|sinx| 3a

= ex~-0 3a

=€

|sin x|
RHLatx=0
cot4dx
lim e cot2x
x -0t
Putx=0+h

cot4h
cot2h

we getlim
h-0 e

cos4hxsin2h

hooecos2h sindh
sin2h

cosah _ 2h x 2h

cos2h sin4dh .

e 4h =e

As, f (x) is continuous at x = 0.
So,LHL=f(0) =RHL

X 4h /2
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Question51

Let f : [0, ) - [0, 3] be a function defined by

f (X) — { max{sint: 0 =t = x}

2 + cosx

Then which of the following is true?

[2021, 27 July Shift-11]

Options:

A. f is continuous everywhere but not differentiable exactly at one point in (0, «)

B. f is differentiable everywhere in (0, «)

C. f is not continuous exactly at two points in (0, «)

D. f is continuous everywhere but not differentiable exactly at two points in (0, «)

Answer: B
Solution:

Solution:
Graph of max(sint: 0 = t = x) inx € [0, 1]

n/2 n

and graphof2+ cosx forxe[m, o]

4

So, graph of
max[sint:0<t<x], 0<x<n
“le={ -

72+ COSX, K> T

e n ’x

So, f(x) is differentiable everywhere in

|, ==).
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Questionb2

Let f : (a, b) » R be twice differentiable function such that f (x) = f g(t)dt

for a differentiable function g(x). If f (x) = 0 has exactly five distinct
roots in (a, b), then g(x)g (x) = 0 has at least
[2021, 27 July Shift-II]

Options:

A. twelve roots in (a, b)
B. five roots in (a, b)

C. seven roots in (a, b)

D. three roots in (a, b)

Answer: C
Solution:

Solution:
We have, f(x) = Tg(t)dt
So, f(x) =g(x)andf (x) = g(x)

h(x) ,
{ vf(x)= [ F(t)-dt=f (x) }
g(x)
= F[h(x)]- h(x) - F[g(x)]- g (x)

Now, g(x)g(x) =0

=>fx)f(x)=0 , i

If f (x) has five roots, then f (x) has atleast 4 roots and f (x) has atleast 3 roots. '

So, f (x) - f (x) = 0 has atleast 7 roots. Hence, the minimum number of roots of the equation g(x)g(x) =0is 7 .

Questionb53
Letf : R > R be defined as

2
AX“—5x+6 <2

p(5x—x2—6)

f(x) = tan(x — 2)
e x—I[x] x> 2
n x = 2.

where, [x] is the greatest integer less than or equal to x. If f is
continuous at x = 2, then A + p is equal to
[2021, 25 July Shift-1]

Options:
A.ee(—e+1)
B.e(e—2)
C.1
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D.2e—-1

Answer: A
Solution:
Solution:
2

Al xS — 52x +6 X <2

n(5x — x* —6)
We have f (x) = tan(x — 2)

e x-—I[x] x>2
B X=

f (x) is continuous at x = 2.
S lim £(x) = lim £(x) = £(2)

Xx-2" x -2
A |(x - 3)(x—2)|

L e e 2)
. A (x—3)x-2) A
= |jm 2 X TONX=4) _ _ 4
S UTx-3)x-2) m
tan(x — 2)
limf(x) = lime X—2 =g
x-2" x-2"

As, f (x) is continuous.
So,LHL=f(2)=RHL

=p=e

)

RS
|
(0]

> >
= o

=e(—-e+1)

Questionb4

Letf : [0, ) = [0, ) be defined as f(x) = Z[y]dy where, [x] is the

greatest integer less than or equal to x. Which of the following is true?
[2021, 25 July Shift-1]

Options:

A. f is continuous at every point in [0, ) and differentiable except at the integer points
B. f is both continuous and differentiable except at the integer points in [0, )

C. f is continuous everywhere except at the integer points in [0, «)

D. fis differentiable at every point in [0, «)

Answer: A
Solution:

Solution:
f : [0, ©) = [0, )

f(x)=Z[y]dy
letx=1+f,0<f <1
1 2 3 1
f (x) =g[y]dy+{[y]dy+£[y]dy+----1{1[y]dy
1_

y
+ [ [ydy
1+f
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_ (1_1)(1_1+1)+1,f

2
_la-1
2

+1-f
f(x) = W + [x][x}
f(x) = M + [x](x — [x])

f(1) = |(|_1)

2
lim f(x) = lim 22D 411 +n-1)
x-1" h-0 2
_ 1d=1
2
lim £(x) = lim LZDU=2) 4 _g)4n-1 +1)
x-1" h-0 2
= (1_1)2&4_(1_1)
_ (-1
2

~f(x) is continuous and differentiable except at integer points.

Questionb5

5+ ]1—-thdt x>

o=

If f(x) =

[2021, 25 July Shift-11]
Options:
A. f(x) is not continuous at x = 2

B. f (x) is everywhere differentiable

2
, then
5x + 1 X < 2.

C. f (x) is continuous but not differentiable at x = 2

D. f (x) is not differentiable at x = 1

Answer: C
Solution:

Solution:

X
f(x) = { [(5+|1—-t|dt, x>2;5x+1, x=<2.
0

12t
X

54+(1-t)dt+[5+(t—1)dt
1

1

J

0

1 X
=[(6-t)dt+J(4+1t)dt

0 1

2 1 2 X 2
- 6t—t§ i +[4t+%]1 =l+ax+ 5
2
1+4x+ % x>2
>f(x) = { 2
5x+ 1 X < 2.
Atx =2
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2
RHL = lim (1+4x+ %) —14+8+2=11
x- 2%
~f(2) =11
So, f (x) is continuous at x = 2.

, 44+x x>2
- {1
5 XxX=<2

Now, LHD at x = 2 is g—x(5x+ 1), _,=5

RHDatx=2is4+2 =6
Here, LHD # RHD
So, function is not differentiable at x = 2.

Questionb6

Consider the function f (x) = sin(x — 2)

where, P(x) is a polynomial such that P (x) is always a constant and
P(3) = 9. If f (x) is continuous at x = 2, then P(5) is equal to ...........

[2021, 25 July Shift-11]

Answer: 39

Solution:

Solution:

£lx) = { P(x) /sin(x—2) x=#2
7 X =2.

Given, that P (x) is always a constant.
=>P(x) is a 2 degree polynomial.
f (x) is continuous at x = 2
lim P(x)/sin(x—2) =7
x-2%
= lim (x—2)(ax+Db)/sin(x—2)=7
x - 2%
= 2a+b=7...()
Now, P(x) = (x — 2)(ax + b)
P(3) = 9( given)

= 3a+b=9
Subtracting Eq. (ii) from Eq. (i),
a=2

From Eq. (i), b=3
Hence, P(x) = (x —2)(2x + 3)
So,P(5)=(5-2)(2%x5+3)=3x%x13 =39

Questionb57

X3

Let f : R - R be defined as f (x) = 1 —cos2x)?

—a o L - L] el =1 L T =
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[2021, 22 July Shift-II]
Options:

A1

B.3

C.0

D. 2

Answer: A

Solution:

Solution:

x° g[1+2xe_2"] <20
f(x) = (1—cost2 xe )

a x = 0.

For continuity, lim
x-0 4811'1

—log, (1 —xe 2] = «of by expansion )... (i)

—2x\2 —X\2
log(1 + 2xe™ %) = 2xe™ > — % +...and log(l —xe™*) = —xe™* - *——7

On putting the values in Eq. (i), we get

[log,(1 + 2xe™ ™)

lim (

x-0\ 4 _) ( sin X)[er " 2xe™)

il_I)I})( I ( smx) (2xe™ % + 2xe™¥)
(

lim ) 2% - (e 4+ 7%

1
=0 4_)'(51nx
(1) W@ @=a=1

Question58
Let f : R > R be a function defined
f(x) = { 3(1—%[) if X‘SZ;O,, if,‘x‘>2.

Letg: R-» Rbe given by g(x) = f(x+ 2) — f(x — 2)

If n and m denote the number of points in R,

where g is not continuous and not differentiable respectively, then n + m
is equal to ..........

[2021, 22 July Shift-II]

Solution:

Solution:

f(x) = { 3(1;|ll) i |x|=2:0 if |x|>2
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gx)=f(x+2)-f(x—-2)

3
f(x) = 2

3

2
f(x+2) =
flx-2) =

Soon=0andm =4
S m+n=4

(1 +x)

(1 -x)

X< -2

3
E(X -1)

3

N

(-1 -x)

-2=x<0

0=x<?2

2=<=x<4

>4,

Questionb9

Let a function f : R - R be defined as f(x) =

sinx — e* if
a+[—x]
2x—b if

x<0
if 0<x<1

x=1.

where, [x] is the greatest integer less than or equal to x. If f is
continuous on R, then (a + b) is
[2021, 20 July Shift-1]

Options:
A 4
B. 3
C.2
D.5

Answer: B

Solution:
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sinx — e* x<0
f(x) = a+[-x] O<x<1
2x—b x=1.
f (x) is continuous.
So, limf(07)=0-e%= -1
limf(0*)=a-1
> a—-1=-1=a=0
limf(17) = lima+[-1—-h]l=a-1
h-0
limf~'1%*)=2(1+h)-Db
w2—b=a-1=>b=2+1
La+b=3

2-b
3

Question60

Let a function g : [0, 4] = R be defined as

3 2
max, _, . (t° — 6t° + 9t — 3) 0<sx=<3
g(x) = {

4 —x 3<x=<4.

then the number of points in the interval (0, 4) where g(x) is not
differentiable, is ...... .
[2021, 20 July Shift-II]

Answer: 1
Solution:

Solution:

Let f(x) = x> — 6x°> + 9x — 3
f(x) =3x*—12x+9

f (x) = 0 gives
3x2—12x+9=0
=23(x—1)x—-3)=0

L x=1lorx=3

Now, f(1) =1and f(3) = -3

f (%) O0=sx=1
g(x) = 1 1=x=<3

4-x 3<x=4
g(x) is continuous.

3(x—1)(x—3) 0=sx=<1
g(x) = { 0 1<x<3

-1 3<x=4.

g(x) is non-differentiable at x = 3.
So, the number of points in (0, 4) where g(x) is not differentiable is 1.

Question61

9x% — 12x + 4|

The function f (x) = x> -2x-3 is not differentiable at

exactly

Fraannwra 4 ™ 4 A ek BN o] A 1
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Options:

A. four points
B. three points
C. two points

D. one point

Answer: C
Solution:
Solution:
(x — 3)(x + 1)e®*~ 2’ x>3
f(x) = —x-3)x+1)e®*? _1<x<3

(x-3)(x+ 1) 2  x<-1.

Atx = —1, let LHD be «, then its clear that RHD be —« .

Similarly, atx =3 ,if LHD is B, then RHD at x = 3 will be — .

So, f (x) is not differentiableatx = —-1,x=3
At, all other points f (x) will be differentiable.

Question62

If the function f (x) =

x = 0, then 1+ .+ Iisequalto

[2021,31 Aug. Shift-1]
Options:

A.-5-2

B.5

C. -4

D. 4

Answer: A

Solution:

Solution:
f (x) is continuous atx =0
LHLatx=0=f(0)=RHLatx=0

Get More Learning Materials Here : &
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1+§
ln(l__) lim(%)ln(1+§)

X
lim — P = x20
S BE
. 1 X
_X{H;_(‘B)ln(l‘s) (11
(—lx a b
b
lim cos’x — sin’x — 1
x- 07" ‘/X2+1—1
lim —2sin’x  _ lim — ( ZSiHZX)
x - 0% \/X2+1—1 x> 0" X2
(Vx*+1+1)=-4
= %+%=—4=k
st i) =-am1=-s
Question63

Leta, b € R, b # 0. Define a function
f (x) = begin casesasin 5(x — 1),

[2021, 26 Aug. Shift-1]

For continuity
LHLat 0 =f(0) = RHLatO

LHL = lim asin Z(x — 1)

x>0 2
_ . .
= asm2 a... ()
RHL = lim tan2x—ssin2x
x-0* bx

lim sin2x(1 — cos2x)
x = 0" bx3 - cos2x

. sin2x (ZSin2X)_ 1 _
B Xlin3+2( 2x ) x?  bcos2x
From Eqgs. (i) and (ii), we get
_ 4
R
=ab =-4

= 10—-ab =14

4

b

tan2x —sin2x

If f is continuous at x = 0, then 10 - ab is equal to

. (i)

Question64

for x > 0end cases

Let [t]1 denote the areatest inteaer less than or eaual to t. Let
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Then h is
[2021, 26 Aug. Shift-1I]

Options:

A. continuous in [—2, 2] but not differentiable at more than four points in (-2, 2)
B. not continuous at exactly three points in [—2, 2]

C. continuous in [—2, 2] but not differentiable at exactly three points in (-2, 2)
D. not continuous at exactly four points in [—2, 2]

Answer: A

Solution:

Solution:
We have, f (x) = x — [x] = {x}
andg(x)=1—-x+[x]=1- {x}

Y
1. =
W TR AN r[N'\y"\<"’(’ﬂ’/
\‘{/ W | NS pd
NN N
X ot N/ \/ Sk
-2 -1 D 1 2

«Y
Again, a(x) = mn[/(x), g(x)], so graph of kx) will be

Points of non-dilfetentiability

.
l I ! r\\ \F\\
G R MG Sm o he)
SN AN Ny
LW B 5 5
7 q

1/2 +
. b Vi .
. \ ¥
7 | "\\ r
- i
i . ¥

=2 32 -1 -2 v 1 32 2

From graph, it is clear that h(x) is continuous in [—2, 2] but not differentiable at x = _73 -1, _71 0, 1, % in(—=2, 2)

1
>

Question65

1
Letxk+yk= a*, (a, k > 0) and%+ (%)3 = 0, then k is:
[Jan. 7, 2020 (I)]

Options:

A.

N W

B.

W

C.

wWIN

D.

W=

Answer: C

Solution:
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y X
L4y _ _ 5)“‘1
dx y
d k-1
-+ (3) =0
1
1 2
~k=1-3=3
Question66

The value of c in the Lagrange's mean value theorem forthe function
f(x) = x> — 4x*> + 8x + 11, when x € [0, 1] is:

[Jan. 7, 2020 (II)]

Options:

A.

B. 4 -7

2
C.3

D.

Answer: B
Solution:

Solution:
Since, f (x) is a polynomial function.
.. It is continuous and differentiable in [0,1]
Here, f(0) =11,f(1) =1-4+8+11=16
f'(x) = 3x* — 8x + 8
e _ f(1)—=£f(0) _16-11
~f(c) = 120 = T
=3c*—8c+38
=3c*-8c+3=0
_8x2v7 _4+xV7
-6 3
4 -7

“C = 3 €(0,1)

=C

Question67

Let [t] denote the greatest integer <t and ]imX[ %] = A. Then the

x-0

function, f (x) = [x?] sin(nx) is discontinuous, when x is equal to :

[Jan. 9, 2020 (II)]
Options:

A VA +1
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B.VA+5
C.vA + 21

D. VA

Answer: A
Solution:

Solution:
limx[%] =A=>limx[%— {%} ] =A

x-0 x-0

slima-x {2} =A=4-0=A

x-0 X - _
As, f (x) = [x*]sin(ux) will be discontinuous at non- integers And, whenx = VA + 1 = x = V5,
which is not an integer.

Hence, f (x) is discontinuous when x is equal to VA + 1

Question638

If the function f defined on ( -3 3 ) by

1 1+ 3x
f(x) = Eloge( 1-2x
k, whenx =0

), whenx = 0

is continuous, then k is equal to
[NA Jan. 7, 2020 (II)]

Answer: 5
Solution:

Solution:

lim¢ (x) = iizr(l)(iln( )

(ln(l + 3x) _ In(1 — 2x) )
X X

= lim
x-0

o 3In(1 +3x) _ 2In(1 — 2x)

- il_r,%( 3x —-2x )

=3+4+2=5

~f (x) will be continuous

~k=£f(0)=1limf(x) =5

x-0

Question69

If c is a point at which Rolle's theorem holds for the function,

f(x) = loge ( % ) in the interval [3, 4], wherea € R, then f"(c) is equal
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[Jan. 8, 2020 (I)]

Options:

D. =+
Answer: B
Solution:

Solution:
Since, Rolle's theorem is applicable
~f(a) =f(b)
f3)=f(4)=>a=12
2
f(x) = X 2— 12
x(x*+ 12)
As f’(c) = 0 (by Rolle's theorem)

x=+v12, e = V12, ~f'(c) = -

12
Question70

sin(a+2))(x+sinx . x <0
If f(x) = b x=0

(x +3xH)/3—x!/3 x>0

X4/3

is continuous at x = 0, then a + 2b is equal to:

[Jan. 9, 2020 (D]
Options:

A1l

B. -1

C.0

D.-2

Answer: C

Solution:

Solution:

LHL = limsin(a + 2)x + sinx
x-0 X

I cinla 1L D\ v\ cin v
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f(0)=Db

1
RHL = lim(—(1+3h)3_1 ) =1
h-0 h

** Function f (x) is continuous
S lim f(x) = lim f(x) = £(0)

x-0" x-0"
LJa+3=1=>a=-2
andb =1
Hence,a+2b =0

Question71

Let f and g be differentiable functions on R such that fog is the identity
function. If for some a, b € R, g'(a) = 5 andg(a) = b, then f'(b) is equal
to:

[Jan. 9,2020 (ID)]

Options:

A.

ull—

B.1
C.5

D.

U1 N

Answer: A
Solution:

Solution:

It is given that functions f and g are differentiable and fog is identity function.
~(fog)(x) = x = f(g(x)) =x

Differentiating both sides, we get

f(g(x)).g(x) =1

Now, put x = a, then

f'(g(a)).g'(a) =1

f'(b).5=1

f'(b) =

—_
iy

Question72

Let S be the set of all functions f : [0, 1] » R, which are continuous on
[0,1] and differentiable on (0,1) . Then for every f in S, there exists a
c € (0, 1), depending on f, such that:

[Jan. 8, 2020 (1I)]

Options:
A lf(c)-f(1)] < (1 —c)|f(c)]

f(1)—1f(c) _ ¢~
B.= = =t
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D. Bonus

Answer: D
Solution:

Solution:
For a constant function f(x), option (1), (3) and (4) doesn’t hold and by LMVT theorem, option (2) is incorrect.

Question73

Let the function, f : [-7, 0] = R be continuous on [-7,0]and
differentiable on (-7,0) . If f(-7) = -3 and f'(x)d "2, forall x € (-7, 0),
then for all such functions f, f'(—-1) + £ (0) lies in the interval:

[Jan. 7, 2020 (I)]

Options:
A. (=00, 20]
B.[-3,11]
C. (=, 11]
D. [-6,20]

Answer: A
Solution:

Solution:

From, LMVT forx € [-7, —1]
f(-1)-£f(-7) f(-1)+3
(-1+7) 6
From, LMVT forx € [—7, 0]

f(0)—=f(=7) <9
(0+7) -

f(0)7+ 3 c25f(0) =11
AE(0) +£(=1) = 20

=2=

=2=f(-1)=<9

Question74

Let S be the set of points where the function,
f(x) = ]2-|x-3]|, x €R, is not differentiable.
Then s f(f(x)) is equal to

X€ES

[NA Jan. 7,2020 (I)]

Answer: 3

Solution:
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“f(x) is non differentiableatx =1, 3,5
[x — 3| is not differentiable at x = 3]
SE(f(x)) =f(f(1)) +£(f(3)) +f(f(5))
=14+1+1=3

Question75

If x =2sin0 -sin20and y=2cos0 —-cos20, 0 € [0, 2m1], then atG =1
is :
[Jan. 9, 2020 (I1)]

Options:

A.

W

B.

o|w

C.

N

D. -

NI

Answer: B
Solution:

Solution:
It is given that
Xx=2sin® —sin20 ..... (i)
y=2cos0—cos20 ....... (ii)
Differentiating (i) w.r.t. theta, we get
% =2c0s0—2cos26
Differentiating (ii) w.r.t. 6; we get
g}e, = —2sin® + 2sin26
From (ii)\+(i), we get

.dy _ sin20 —sin®

""dx ~ cosB —cos28

231n9 COS — 36
_ 2 2 30
=—%§ 39 = cot—2 ...... (iii)
Zsmz s1n7

Again, differentiating eqgn. (iii), we get
d% _ -3 230 do

2= cosec’ == . o
42 73(:05%232_9
dx? 2(cos® — cos20)
d’%y _ 3 _3

dx*0=m)  4(-1-1) 8

Question76

,ae( n) then ata—%‘is:

If y(a) ‘/ 2 ( tana + cota ) +

1 + tan’a sin“a
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Options:

Answer: A

Solution:
Solution:
2sino , cosa
ol 2
() = \/ COS sina _ 2c0s o 1
y seca sinacosa  gin2q

= \/ZCOt(X+COSGC2(X = \/ZCot(x+ 1 + cot’a

=|1+cota| =—-1~cota ["'“e (34_1-[1-[)]

dy _ 2 dy -
m—cosec a:(ﬁ)u=5_n—4

Question77

Let y = y(x) be a function of x satisfying y\/ 1 -x2

=k—x\/1—y2wherek

is a constant and y ( : ) = —1. Then £ at x = 3, is equal to:

[Jan. 7, 2020 (II)]

Options:
NS

A =7
B. -2
C. 2

v5

N
D. -
Answer: B
Solution:
Solution:

i 1,1 ==L
G|ven,x—2,y— 7 Xy 8
v. 1.(—2x) +y’\/1—X2

271 —x?
- {1 T ey
21 -y°
X  4vi1-%° =—\/1—V2+X7&
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:y’(\/l—xz_ Xy ) = Xy —\/1—}72

V1-y2 V1 -x?
:y’(ﬁ.f. 1 = -1 _@
2 V15 3 4
8.5 8.y
o \/Eil) _ _(1+v45)
2V15 43
0 _ V5
Question78

For all twice differentiable functions f : R » R, with

f(0)=1f(1)=1(0)=0
[Sep. 06, 2020 (II)]

Options:

A. £"(x) # 0 at every point x € (0,1)
B. f"(x) = 0, for some x € (0,1)
C.f"(0)=0

D. f"(x) = 0, at every point x € (0,1)

Answer: B
Solution:

Solution:

Letf :R->R, withf(0) =f(1)=0andf’(0) =0
f(x) is differentiable and continuous and
f(0O)=£f(1)=0

Then by Rolle's theorem, f’(c) = 0, c € (0, 1)
Now again

“f(c)=0,f(0)=0

Then, again by Rolle's theorem,

f"(x) = 0 forsomex € (0, 1)

Question79

Ify* + loge(coszx) =y, X E ( — 5 g) , then :

[Sep. 03, 2020 (I)]
Options:

A.y'(0) =0

B. [y(0)[+ [y"(0) | =1
C. ly"(0)] =2

D. [y (0)[+|y"(0) | =3

Answer: C
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Solution:

y* + 2log (cosx) =y ....... (i)

=2yy —2tanx =y ....... (i)

From (i), y(0) =0 or 1

~y(0)=0

Again differentiating (ii) we get,
2(y)* + 2yy — 2sec’x =y
Putx=0,y(0)=0,1andy(0)=0
we get, |y"(0)]| = 2.

Question80

Let f (x) = x. [%] , for —10 < x < 10, where [t] denotes the greatest

integer function. Then the number of points of discontinuity of f is
equal to .
[NA Sep. 05, 2020 (I)]

Options:

S01uUurtion:

Solution:
We know [x] discontinuous forx € Z

f(x) = x[ %] may be discontinuous where % is an integer.

So, points of discontinuity are,
X ==+2,+4, +6, +8and 0
butatx =0

lim f(x) =0 =f(0) = lim f(x)
x -0 x-0"

So, f (x) will be discontinuous atx = 2, +4, +6 and 8.

Question81
If a function f (x) defined by

ae* + be™%,
f(X)= cx?, l=x=3

ax2+20x, 3<x=<4

-1=x<1

be continuous for some a, b, c € Rand £'(0) + f'(2) = e, then the value of
ais:

[Sep. 02, 2020 (I)]

Options:

1
"e’-3e+13
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e
B.—°%
e"—3e—-13

e
"e’+3e+13

e
D.—°
e"—3e+13

Answer: D
Solution:

Solution:

Since, function f (x) is continuous atx =1, 3
~f(1)=f(1")

sae+be ' =c..(i)

f£(3) =£(3%)

=9c = 9a + 6¢ = ¢ = 3a ...(ii)From (i) and (ii),
b = ae(3 — e)...(iii)

ae* — be”

f'(x) = 2¢cx 1<x<3

¥ 1<x<1

2ax+2¢c 3 <x<4
f'(0) =a—-Db, f(2) =4c
Given, f(0)+f'(2) =e
a—b+4c=¢e
From eqgs. (i), (ii),(iii) and (iv),
a—3ae+ae’+12a=e
=13a—3ae+ae’=¢e

e

ﬁa=—
e?—3e+13

Question82

Let f : R » R be a function defined by f (x) = max{x, Xz}. Let S denote the
set of all points in R, where f is not differentiable. Then:
[Sep. 06, 2020 (ID)]

Options:

A. {0, 1}

B. {0}

C. n( an empty set )
D. {1}

Answer: A

Solution:

Solution:

r 9

. (1.0)
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f(x) = max{x, x°}

x2, x<0
=f(x) = x, 0=x<1
2

X%, x=1
- f(x) is not differentiable at x =0, 1

Question83

k(x-m’-1, x=m , . . .
o =" is twice dif-ferentiable, then the

kzcosx, X>1

If the function f (x) {

ordered pair (k,, k,) is equal to:
[Sep. 05, 2020 (I)]

Options:
N
B. (1,0)

c. (3 -1]
D. (1,1)

Answer: A

Solution:

Solution:

f (x) is differentiable then, f (x) is also continuous.
Slim £(x) = lim f(x) = ()

+ —
X1 X1

»-1=-K,=K,=1
2K (x=m) : x=m
f’(x):
—Kzsinx X > 1
Then, lim f(x) = lim f(x) =0

x-u' X0

2K, P X<TII
—-K,cosx ; x>1

f"(x) =

Then, lim f(x) = lim f(x)
x—)r{Jr X0

=>2K1=K2=>K1=%

S0, (K, Ky) = (1, 1)

Question84

Let f be a twice differentiable function on (1, 6). If
f(2)=8,f(2)=5,f(x)=1and f"(x) = 4, forall x € (1, 6), then
[Sep. 04, 2020 (I)]
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A.f(5)+f'5) =26
B.f(5)+f'(5) = 28
C.f'(5)+£"(5) =20
D.f(5) =10

Answer: B
Solution:

Solution:

Let f be twice differentiable function
ViPx)=1
LB 1) 5 4
=f(5) =3 +f(2)
=2f(5)=3+8=f(5)=11

and also f"(x) = 4

SLBL=LR) > 4 o) 2 12+ £702)
=f'(5) =17
Hence, £ (5) + f'(5) = 28

Question85

Suppose a differentiable function f (x) satisfies the identity
f(x+y) = f(x) + f(y) + xy* + x°y, for all real x and y. Ifin"® = 1, then £'(3)

is equal to .
[NA Sep. 04, 2020 (I)]

Answer: 10
Solution:

Solution:

f(x+y) =f(x)+f(y)+xy2+x2y
Differentiate w.r.t. x :
f'x+y)=£f(x)+0 +y2 + 2xy

Puty = —x
£7(0) = f'(x) + X% = 2%% ... (i)
imEX) =1 5 f0) = 0

x-0

Af(0)=1 ... (i)
From equations (i) and (ii),
f'(x) = (x*+1)=f(3) =10

Question86

The function
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%+ tan"'x, x| =1

f(x) = |
F(xl=1), |x|>1

is :
[Sep. 04, 2020 (I1)]

Options:

A. continuous on R — {1} and differentiableon R— {—1, 1}

B. both continuous and differentiable on R — {1}.

C. continuous on R — {—1} and differentiableon R — {—1, 1}

D. both continuous and differentiable on R — {—1}.

Answer: A
Solution:
Solution:

_XZ_ 1, x< -1
f(x) = %+tan_1x, —1=x=1

%(x —1), x> 1

'r

=1
2

(=1, 0y (0, 0) (1.0

.‘Ir

It is clear from above graph that,

f (x) is discontinuous at x = 1.

i.e. continuous on R - {1}

f (x) is non-differentiableatx=-1,1
i.e. differentiable on R - {-1, 1}.

Question87

1—2x°

—=_ —
The derivative of tan™" ( % ) with respect to tan™' ( 21-x ) at

X = % is :
[Sep. 05, 2020 (ID)]

Options:
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C. 23

D. =
Answer: D
Solution:

Solution:
Letu = tan

_1“?—1)

Putx = tan® = 0 = tan™ 'x

u=tan™? Sefa?lg 1 =tan_1(tang)
_6_1 -

=5 = 2tan X

du 1

1-2x°
Putx =sinp=¢ = sin”'x

_ -1{2sin¢cos — -1

v = tan (—c032¢ ) tan™ (tan2 ¢)
= 2¢ = 2sin”'x

dv 1

2V _9

d V1 -x

du_du/dx _ 1-%°

v_ dv/dx_4(1 +x%)

3
10

Question88

If (a + v2bcosx)(a — V2bcosy)

(3%) is
[Sep. 04, 2020 (I)]
Options:

a—2b
A. a+2b

a—b
B. +b

[e})

+b
-b

[e})

C.

[«})

2a+b
D. 2a—b

Answer: C

Solution:
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Solution:

(a +v2bcosx)(a— v2bcosy) =a’—b?
Differentiating both sides,

(—=V2bsinx)(a — V2bcosy) +(a + V2bcosx)

— g _

(w/2bsmy)£1X = B

_dy _ (V2bsinx)(a — v2bcosy)
dx (a+ \/Eb cosx)(V2bsiny)

JENEE) - ip-g-an2

Question89

Ify=k§1kcos_1 {%coskx—%sinkx} , then & atx = 0 is .
[NA Sep. 02, 2020 (I)]

Answer: 91
Solution:

Solution:
6
= -1[3 _4..
y—kglkcos {5coskx 5smkx}
_3 ina =2
Let cosa = 5 and sina = 5

6
Ly = 2 kcos™'{ cosacoskx —sinasinkx }

= % kcos™ “(cos(kx + a))
k=1
= § k(kx + a) = % (k“x + ak)
k=1 k=1
dy _ % 2 = 8(1(13) _ oy
X k=1 6
Question90

Letf: R - R be a function defined as

5, if x=1
a+bx, if 1<x<3

f(x) = '
( ) b+5x, if 3=x<5
30, if x=5

Then, fis :
[Jan 09, 2019 (I)]

Options:
A. continuousifa=5and b =5

B. continuous ifa =-5and b = 10
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D. not continuous for any values of a and b

Answer: D
Solution:

Solution:

Let f (x) is continuous at x = 1, then
f1)=f(1)=f(1")
=5=a+Db....(1)

Let f (x) is continuous at x = 3, then
f(37) =£f(3) =f(3%)
=a+3b=b+15...... (2)

Let f (x) is continuous at x = 5, then
£(57) =£(5) =£(5")

=b + 25 =30

=>b=30-25=5

From (1),a=0

But a = 0, b = 5 do not satisfy equation (2)

Hence, f(x) is not continuous for any values of a and b

Question9l

Let f be a differentiable function such that f(1) = 2 and f'(x) = f (x) for

all x € R. If h(x) = f(f (x)), then h'(1) is equal to :

[Jan. 12, 2019 (11)]
Options:

A. 2¢*

B. 4e

C.2e

D. 4¢?

Answer: B
Solution:

Solution:
Since, f'(x) = f (x)
Then, fx) =1

f(x)

f'(x) _ ')y, =
ﬁf(x) =dx= f(X)dx—fdx
=>In|f(x)|] =x+c
f(x)==%xe*"°.....(1)
Since, the given condition
f(1)=2
From eq ™(1)f(x) =
Then, f(1) = e°. e
=2=e%. e

2

=2 = €

eX+C = eCeX

Then, from eq (1)

f(x) = 26%
e

=f'(x) = Ze*

Now h(x) = f (f (x))
—hilv) — FUFINY FUv)

N
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Question92

-1, -2=x<0

x)=1, 0=x=2

Let f(x) = {

interval (-2, 2), gis:
[Jan. 11, 2019 (I)]

Options:

A. differentiable at all points

B. not continuous

C. not differentiable at two points
D. not differentiable at one point

Answer: D
Solution:

Solution:
-1, -2=x<0
f(x) = )
x“—1, 0=x=<2
-1, -2=|x|<0
-1, 0<|x| =<2
=>f(x)) =x* -1, -2=sx=<2
—1+x%2-1, —2=x<0
g(X)= 2 2
(x*=-1)+x*=-1], O0=x=2

X2, —2=x<0
= 0, 0=x<1
2(x*-1), 1=x=<2
g'(07)=0,g(0")=0,g(17)=0,g(1") =4
= g(x) is non-differentiable at x = 1
= g(x) is not differentiable at one point.

Then, f(Jx|) = { I

Question93

andg(x) = | f(x) | +f(|x|). Then, in the

If xlog(log x) — x> +y* =4(y > 0), then % at x = e is equal to :

[Jan. 11, 2019 (I)]
Options:

A. (1 + 2e)

C. (1 + 2e)

Get More Learning Materials Here : &

@ www.studentbro.in



D. & _
\,/4+e2

Answer: B
Solution:

Solution:

Consider the equation,

xlog,(log x) — X +y- =4
Differentiate both sides w.r.t. X,

dy

log, (log,x) +x . 1(1)9 24293 =0
) e
1 _ dy _
log,(log x) + Tog % 2x +2ydX =0

€
Whenx = e,y = {4 + e2. Put these values in (1),

0+1-2e+2Y2+2¥ -9
dx

dy _ 2e—-1

dx  2y4 4 ¢?

Question94

Let K be the set of all real values of x where the function
f(x) =sin|x| — | x| +2(x — o) cos | x| is not differentiable.
Then the set K is equal to

[Jan. 11, 2019 (ID)]

Options:
A. ¢ (an empty set)
B. {m}

C. {0}

D. {0, i}

Answer: A
Solution:

Solution:

f(x)=sin|x|—|x| +2(x—1m)cos | x|

There are two cases,

Case (1), x>0

f(x) =sinx —x+ 2(x — ) cosx

f'(x) =cosx—1+2(1 —0)cosx —2sin(x — 1)
f'(x) =3cosx—2(x—m)sinx—1

Then, function f (x) is differentiable forall x > 0
Case (2) x <O

f(x) = —sinx+ x+ 2(x — m) cosx

f'(x) = —cosx+1—2(x—1m)sinx +2cosx

f'(x) =cosx+1—2(x—1m)sinx

Then, function f (x) is differentiable forall x < 0
Now check forx = 0

f(0 ) R.H.D.=3-1=2

f(OO)L.H.D.=1+1=2

L.H.D. = R.H.D.

Then, function f (x) is differentiable for x = 0. So it is differentiable everywhere
Hence, k = ¢
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Question95

2 <
Let f(x) = { max{[x|, X},  [|x] =2
8-2x|, 2<|[x|=4

Let S be the set of points in the interval (-4,4) at which f is not

differentiable. Then S:
[Jan 10, 2019 (I)]

Options:

A. is an empty set

B. equals {-2, -1,0, 1, 2}
C.equals {—2, -1, 1, 2}
D. equals {—-2, 2}

Answer: B

Solution:
Solution:
2
Given f (x) = { max{[x|, x°}, x| = 2
8 = 2[x], 2<|x|=4
Yo
=2 L

v=8- 2| ' y=B8- 2|

~f(x) is not differentiable at -2,-1,0,1 and 2.

~S={-2,-1,0,1, 2}

Question9o6

Letf : (=1, 1) =» R be a function defined by

f(x) = max{ - X|,— {1 -x2 } . If K be the set of all points at which f is
not differentiable, then K has exactly:

[Jan. 10, 2019 (II)]
Options:

A. five elements

B. one element

C. three elements

D. two elements

Answer: C
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Solution:
Consider the function

f(x) = max{—|x|, -1 —xz}
Now, the graph of the function

X 35 x ﬁ

From the graph, it is clear that f(x) is not differentiable at x

1 1
Then, K = { -, 0, e }
V2 V2
Hence, K has exactly three elements.

Question97

Let S be the set of all points in (—m, o) at which the function
f (x) = min{sinx, cosx} is not differentiable. Then S is a subset of which

of the following?
[Jan. 12, 2019 (]

Options:

31 o o 3o
. {-3-32.%}
Answer: B
Solution:

Solution:
f (x) = min{sinx, cosx}
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£ (x) is not differentiable at x = —i—“, o

4
o= {-31)

e {232 31)

Question9s

For x > 1, if (2x)?Y = 4e¢**~ %, then (1 + logeZX)Z% is equal to:
[Jan. 12, 2019 (D]
Options:

xlog,2x — log,2
X

A.

B. log 2x

xlog,2x + log,2
X

C.

D. xlog 2x
Answer: A
Solution:

Solution:

Consider the equation,

(2X)2y — 462x—2y

Taking log on both sides

2yIn(2x) = In4 + (2x — 2y) ...... (1)

Differentiating both sides w.r.t. x,
1 dy

2y-2 +2mn(2x) T¥ =0+2- 2%

28¥ (1 4me =2-& = E_2Y ()
dx X X
From (1) and (2),

1

4Y(1 yIm2x) =1 ——(
dx X

In2 +x )

1+1In2x

(1+In2x)23Y = 1 + In(2x) - (22102
dx X

_ xIn(2x) —In2

B X

Question99

Let f : R - R be a function such that
f(x) = x> + x’f(1) + xf"(2) +£™(3), x € R. Then f (2) equals:
[Jan 10, 2019 ()]

Options:
A -4
B. 30
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D. 8

Answer: C
Solution:

Solution:

Letf(x)=x3+ax2+bx+c

f'(x) = 3x* + 2ax+ b =>f(1) =3+2a+b

f'(x) =6x+2a=f"(2) =12 + 2a
f"x)=6=f"(3)=6

Vf(x) = x4+ F(1)x2 + £7(2)x + £7(3)
~f(l)=a=3+2a+b=a=a+b=-3.... (1)
alsof"(2)=b=12+2a=b=2a-b=-12...... (2)
andf"(3)=c=c=6

Add (1) and (2)

3a=—-15=2a=-5=h=2
ﬁf(x)=x3—5x2+2x+6
=2f(2)=8-20+4+6=-2

Question100

If x =3tant and y = 3sect, then the value of g-i% att = 7, is:

[Jan. 09, 2019 (11)]

Options:

| -
|

A.

w
<
N

| -

B.

o
<
N

Jw

C.

N
<,
N

D.

=

Answer: B

Solution:
Solution:
i dx _ 2
'X = 3tant = at 3sec’t
_ dy _
andy = 3sect = =% = 3sect.tant

dt

dx _dx/dt dx  sect omnt
A%y _d oy dt
2 _dt(smt)'dx

= cost. 12

3sec”t

-d_ZY( _m)_1 (133
Tdx att_4)‘3 (\/z)
=1

6v2

Numoactinn1N1
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If the function f defined on ( & 3 ) by

\/Zcosx—1' <zl

_ cotx—1 4
f(x) = H
k, X—-Z

is continuous, then k is equal to:
[April 09, 2019 (I)]

Options:
A. 2

B.

N[

C.1

D. L
V2

Answer: B
Solution:

Solution:
Since, f (x) is continuous, then
lim —flI

£ (x) = f ( 4)

X = —

lim V2 cosx —1 _ Kk

o cotx—1
X > —

Now by L- hospital's rule
5[ 1
= . V2 | —=
hmx/Zsz:kz (_\/2 —kok=
‘o ECOSGCZX (V2)?

N+~

Question102

If f(x) = [x] - [ 1 ] » X € R, where [x] denotes the greatest integer

function, then:
[April 09, 2019 (II)]

Options:
A. f is continuous at x = 4.

B. 1im f(x) exists but 1imf (x) does not exist.

x4+ x-4

C. Both 1im f(x) and 1m f (x) exist but are not equal.

x-4- X -4+

D. 1im f (x) exists but 1im f (x) does not exist.

x-4- X -4+
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Solution:

Solution:
L.H.L. lim ([x]— [%] ) =3-0=3
x4

R.H.L. lim [x] - [2] =4-1=3

x4
f(4)=[4]—[%] —4-1=3

“LHL=f(4)=RHL
~.f (x) is continuous atx = 4

Questionl103

If the function

f(X)= { aln—x|+1, x=5

b|x-ua|+3, x>5

is continuous at x = 5, then the value of a — b is:

[April 09, 2019 (I1)]
Options:

2
‘n+5

Answer: D
Solution:

Solution:
R.H.L. limb|(x—u)|+3 =(5-a)b+3
x->5"
f(5) = LHL limajl(m—x)|+1=a(5—-m+1
Xx-5"
' function is continuous at x = 5
~LHL=RHL
Bb-mb+3=(B-ma+1
~2=(a—b)(5-m =a—b=—2
5—m

Question104

Letf : [-1, 3] 2 R be defined as
x| +[x], —1=sx<1

f(x) = X+[x, l=x<2
x+[x], 2=x=3
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discontinuous at :
[April 08, 2019 (II)]

Options:

A. only one point

B. only two points
C. only three points

D. four or more points

Answer: C

Solution:

Solution:

Given function is,
x| +[x], -1=x<1

f(x) = x+x[, 1l=sx<2
x+[x], 2=x=<3
-x-1, -1=sx<0

X, 0=x<1
= 2X, l=x<2

0, X =
=>f(-1)=0,f(-1%) =0
f(07)=-1,f(0)=0,f(0") =0
f(1T)=1,f(1)=2,f(1") =2
f2)=4,f2)=4,f2") =4
f(37)=5,f(3)=6

f (x) is discontinuous at x = {0, 1, 3}
Hence, f (x) is discontinuous at only three points.

Questionl105
If
sin(p + l)zx + sinx x<0
f(x) = q x=0 js continuous atx =0,
Vx+x2 —Vx 0
T X >

then the ordered pair (p, q) is equal to:
[April 10,2019 (I)]

Options:
A (-3-1)
B. (-3.3)
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@]

I
N w
N | =
[—

51 )
D. 2" 2
Answer: C
Solution:
Solution:
sin(p + 1)x + sinx x<0
X
f(x)= q X =0 js continuous atx = 0,
Vx+x% —vx
T x>0

Therefore ,f(0) = £(0) = f(0%) ..... (1)
£(0—) = Limf (0 — h) = LimSi{P + 1)(=h) + sin(=h)

h-0 h-0 —h
1 —sin(p+ 1)h , sinh
pm “h  n ]
- Lip3ine +1)h . sinh
M e+ <Pr D+ LImTy
=p+1)+1=p+2.... (2)
> o
And f(o+)=L1mf(0+h)=‘/hJ’B—I}Z‘/h
h-0 h
1
_ Lim(h)2[\/h+ 1-1]
0 luz)
hih2
=Lirrlx/h+1—1x\/h+1+1 - Lim h+1-1
ho0 h vh+1+1 nwsoh(vh+1+1)
. 1 1 1
=L = = . 3
h1—>H(}\/h+1+l 1+1 2 (3)
Now, from equation (1),
f(0_)=f(0)=f(0+)ﬁp+2=q=%
-1 - =3
=>q—2andp— 5
. _ 31
~(p, q) = (_E'E)
[ ]
Questionl106

Letf (x) = log (sinx), (0 < x < i) and g(x)
If a is a positive real number such that a

then:
[April 10, 2019 (I1)]

Options:

A.ac’ +ba+a=0
B.ac’ —ba—a=1
C.aa’—ba—-a=0

2

D.ac® +ba—a = —-2a
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Solution:

Solution:

f (x) = In(sinx), g(x) = sin”}(e™¥)
=f(g(x)) = In(sin(sin"'e™¥)) = —x
=f(g(x)) = —«a

But given that (fog)(a) = b
Sw—a=Dbandf'(g(a)) = a, i
rac —ba—a=-a?+o®—
sac’—bax—a=1.

Question107

Let f : R » R be differentiable atc € Rand f(c) =0. If g(x) = | f(x) |,
then atx =c, g is:
[April 10, 2019 (1)]

Options:

A. not differentiable if f '(c) = 0
B. differentiable if f "(c) # 0

C. differentiable if f ' (c) = 0

D. not differentiable

Answer: C

Solution:

Solution:
g(x) — g(c)

g'(c) = lim
X=C
=dg’(c) = lim

X—->cC

|f )| = [ £(c)]
X—C

Since, f(c) = 0 Then, g'(c) = lim £
x»cX—C
~q(c) = limLEL. it £ (x) > 0

and g ' (c) = lim%; if £ (x) < 0
=g'(c) =1f'(c) = —f'(c)
=22f(c)=0=f'(c) =0

Hence, g(x) is differentiable if f'(c) = 0

Question108

Let f(x) = 15— | x—10 | ;x € R. Then the set of all values of xat which the
function, g(x) = f(f (x)) is not differentiable, is:
[April 09, 2019 ()]

Options:
A. {5, 10, 15}
B. {10, 15}
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D. {10}

Answer: A
Solution:

Solution:

Since, f(x) = 15— | (10 — x)|

sg(x) =f(f(x)) =15—]10 —[15—] 10 — x]]|

=15—-|10-x]| —=5]

. Then, the points where function g(x) is Non-differentiable are
10—x=0and [10-%x| =5

=x=10andx—-10 = x5

=>x=10andx=15,5

Question109
Iff(1) =1, £'(1) = 3, then the derivative of f(f (f (x))) + (f (X))2 atx=1is

[April 08, 2019 (ID)]
Options:

A. 33

B. 12

C. 15

D.9

Answer: A
Solution:

Solution:

Let g(x) = £ (£ (£ (x))) + (£ (x))?
Differentiating both sides w.r.t. x, we get
g'(x) = (£ (£ (x))E(f (x)E"(x) +2f (x)f"(x)
g'(1) = £ (E(E ()DL (ED))E(1) +2£(1)E"(1)
f(ENE (D) (1) + 2f(1)f°(1)
3x3x3+2%x1x3 =27+6=33

Questionl110

(o}
o,

If e¥ + xy = e, the ordered pair ( o d—i{ ) at x = 0 isequal to :
[April 12, 2019 (I)]

Options:
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Answer: B
Solution:

Solution:
Given, & + xy = e...(i)
Puttingx=0in (i), =" =e=>y =1
On differentiating (i) w. r. to x
dy . 4Y 4 o — 0. i
dx+de+y 0...(ii)
Puttingy = 1 and x = 0 in (ii),
4y - dy _ _1
d +0+1=0= dx =
On d|fferent|at|ng (i) w. r. to x,
d’ , dy dy , .d° y LAy dy _
y y
edx dxe dx+d dx dx =0

ey

|Q-
<

Putting y=1,x=0and

dx e e dx e

e (828 = (.2

Questionlll

sinx — cosx
sinx + cosx

The derivative of tan™! ( ) ,» with respect to 5 where

left(x € (0,2) ) is:
[April 12, 2019 (ID]
Options:

Al

B.

wIN

C.

N =

D. 2

Answer: D

Solution:

Solution:

f(x) = tan~! EE)’;_H

=—tan_1(tan(——x)) [ (_%2)]
So, f(x) = — (T -x =x-§

Get More Learning Materials Here : & m @) www.studentbro.in



Now, differentiate w.r.t. y, %g’) = 2.

Questionl12

cosx — V3 sinx

[April 08, 2019 ()]

_ . 2
If 2y = (cot_l(w) ) ,X € (O,%) then ¢! is equal to :

Options:

II

II

II
D. None

Answer: D
Solution:

Solution:

oo [ (Emi) |
o[ (250) ]

=2y = [cot™ (cot(2-x) ) ]" “B-xe (-1, T)
=2y = { Tox) rgoxe(Fhol
(B-x)" , #Z-xe (o2

Questionl113

If the function f defined as
f(x)=1- k=1

e -1

x # 0, is continuous at x = 0,
then the ordered pair (k, f(0)) is equal to?
[Online April 16, 2018]

Nntinnc.
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A. (3,1)
B. (3,2)

c.[3.2]
D. (2,1)

Answer: A
Solution:

Solution:
If the function is continuous at x = 0, then
limf (x) will exist and f (0) = limf (x)

x-0 x-0

Now, limf (x) = lim (L - X=1
x-0 x-0\X e*—-1

e -1 — kx+x)
(x)(e*™ - 1)

- 2 3
(1+2X+@+@+ ..... )—1—kx+x]

=lim(

2! 3!

x-0 | (x)((l+2x+%+%+ ...... )—1)

- 2 3
Gokx+ X 8, ]

. 2! 3!

= lim PRERPNE

x-0 2 X X

3 (2X +T+ﬁ+””

For the limit to exist, power of x in the numerator should be greater than or equal to the power of x in the denominator.
Therefore, coefficient of x in numerator is equal to zero
=23-k=0
=2k =3
So the limit reduces to

X = 2
0(x2)(2 +ax2 + 84 )

= lim

Questionl14

1

Letf(x) = x-12-%, x>1x#2 The value of k for which f is continuous
k, X =2

atx=2is
[Online April 15, 2018]

Options:
A e?
B.e

C el
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D. 1

Answer: C
Solution:

Solution:
Since f (x) is continuous at x = 2.
Slmf (x) = £(2)

X -2
1
=lim(x—-1)2—-X=k
X2
.'.el=k
. 1 . X—2
wherel = lim(x—-1-1) x = lim
X -2 2—-X x_,QZ—X
s X—2
- tim (355
sk =e!
[ ]
Questionl15

LetS={tER:f(x) = |x—mu|(e™ -1)sin|x].is not differentiable at

t}. Then the set S is equal to :
[2018]

Options:

A. {0}

B. {}

C. {0, i}

D. ¢( an empty set )
Answer: D

Solution:

Solution:

f(x) = |x—m|(e™ —1)sin | x|

Check differentiability of f(x) atx =mandx =0
at x = m:

x|

R H D = limth=mlEe™* ™ —1)sin|a+h| -0

h-0

—h— jm—h| _ : _ _
LHD = limiE=h=nlle hl)smln h|-0_,
h-0 -
“RHD = LHD

Therefore, function is differentiable atx = o
atx=0:

Ih —mj(e™ —1)sin |h | -0 _
- =

R.H .D=Ilim 0
h-0
—_h— =h| _ ; _ _
LH.D. = limI=R =1l lsin]-h|=-0 _,
h-0 -
.. RHD = LHD
Therefore, function is differentiable.
at x = 0.

Since, the function f(x) is differentiable at all the points including p and 0.

i.e., f(x) is every where differentiable .
Therefore, there is no element in the set S.
=S = ¢( an empty set )
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Questionl16

LetS={(A, p) ERxR:f(t) =(|rle—p).sin(2 |t]),tER,.isa

differentiable function }. Then S is a subest of?
[Online April 15, 2018]

Options:

A. R x [0, »)
B. (==, 0) xR
C.[0, ») xR
D. R x (=, 0)

Answer: A
Solution:

Solution:
S={(Ap) ERXR:f(t) =(ale™ —p)sin(2 | t]),t ER
f(t) = (|Ale_"n) sin(2 | t)

— { (|Ale* —m)sin2t, t>0
(|Ale™t — p)(—sin2t), t<0

f,(t)_{ (IAle!)sin2t + (JAle' = p)(2cos2t), >0

Ale”fsin2t + (|Ale™" = p)(—=2cos2t), t<O0
As, f (t) is differentiable
L LHD=RHDatt=0
=| 2| .sin2(0) + (|2\|e0 —1)2 cos(0)
=| 2| e . sin2(0) — 2cos(0) (|Ale™® —n)
=20+ (|]A| =2 =0-2(]A| — )
=4(|A| =p) =0
=|A] =n
So,S=(Ap)={AER&NEIO «)}
Therefore set S is subset of R X [0, «)

Questionl1l17

Ifx = {2°°°¢ tandy = 2% Y(Jt| = 1), then &
[Online April 16, 2018]

Options:
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Solution:

Here’ B = ;—_1200380— 1, logz . ——1
dt 2\/zcosec t X\/Xz—l
dy _ 1 sec—1 1
dt = o Tomene 092
2 \/zsec Xxyx“—1
H _ \/ cosec 't sec 't
dy _dt _ V2 2
dx dx \/ sec 't cosec 't
== 2 2
dt
dy —_—
dy _dt _ _ \/ 27—y
dx Q 2cosec—1t X
dt

Questionl11s

cosx x 1
If f(X) = 2sinx x° 2x ) then hmf)((x)

x-0

tanx x 1
[Online April 15, 2018]
Options:
A. Exists and is equal to - 2
B. Does not exist
C. Exist and is equal to 0
D. Exists and is equal to 2

Answer: A
Solution:

Solution:
cosx x 1
f(x) = 2sinx x° 2x

tanx x 1

= cosx(x2 - 2x2) —x(2sinx — 2xtanx) +1(2xsinx — x2 tanx)

= —x%cosx — 2xsinx + 2x°tanx +2xsinx — x> tanx
= x’tanx — X>COSX = xz(tanx — COSX)
=f’'(x) = 2x(tanx — cosx) + x2 (seczx + sinx)

, _ 2 2 .
limf x) _ lim 2x(tanx — cosx) + x“(sec”x + sinx)
x-»0 X x -0 X
= lim(tanx — cosx) +x(sec’x + sinx)
x-0
=2(0-1)+0=-2
So, limE®) = _o
x-0

Questionl1l19

If f(x) = sin~! l 2"—3}(\ . then f’l—i\ eauals.
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[Online April 15, 2018]
Options:

A. V3log, V3

B. —V3log V3

C. —\/§10g63

D. V3log, 3

Answer: A

Solution:

Solution:

Since £ (x) = sin”! ( 2x3 )
1+9

Suppose 3* = tant

=f(x) = sin”! ( ZLHZ = sin_l(sinZt) =2t
1 + tan“t

= 2tan_1(3x)

, 2 x
So, f'(x) = X 3" .1log.3

1+ (392 Je
e 1) _ 2 )
"f(_i)_ 1 2><3 .log,3
1+ (3 2)

= % x V3 x log,3 = V3 x log,V3

Questionl120

If x* + y* + siny = 4, then the value of %} at the point (-2,0) is
[Online April 15, 2018]

Options:

A -34

B.-32

C.-2

D. 4

Answer: A

Solution:

Solution:
Given, x* + y* + siny = 4
After differentiating the above equation w. r. t. x we get

dy dy _
2x+2ydx+cosydX 0........ (1)
S2x + (2y + cosy)% =0
A xr — I
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au-2,0), () =il
4

( (-2, 0) 0+1

( =4 ... (2)

(-2,0)
Again dlfferent|at|ng equation (1) w. r. t to x, we get

2 2 2 2
2+2(%) +2yg—32’—siny(%) +cosy%=0
X

2
=>2+(2—siny( ) 2y+cosy)g—%=0
X

d?y o5 dy)?
ﬁ(2y+cosy)d =-2-(2 smy)(ﬁ)
. dy)?
=>dzy=—2—(2—smy)(ﬁ)
dx? 2y + cosy
So, at (- 2, 0),
d% _ —-2-(2-0)x4?
A< 2x0+1
_d% _-2-2x16
dx? 1
2
=>d_32’=_34
dx
Questionl21

The value of k for which the function

4 tan4x

Z)tan5x, 0 <x < I
f(x) = (5) 2

k+%, x=%

is continuous at x = %, is:
[Online April 9, 2017]

Options:

17
A. 50

2
B.g
3
C.g

D. -

a1l

Answer: C

Solution:
Solution:
lim f(x)="f(m/2)
X->1u/2
_ —1-2_=3
=2k+2/5=1=k=1 5=k 5
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Questionl122

If for x € ( 0,: ) , the derivative of tan~! ( 161‘—‘5(3 ) isvx . g(x), then g(x)

equals:
[2017]

Options:

A _3
"1+ 9x°

B. 9

1+ 9x°

C. 3}(\/}(3
1 -9x

D 3X
T1-9x°

Answer: B
Solution:

Solution:

-1 _6xVx 1
LetF(X)—tan 1_—9X3)WhereXE(0,Z)

3/2
=tan ! ( %) = 2tan"}(3x%/?)

As 3x3/% e (o,g)

3/2 3/2 _ 3

['.'O<x<i:0<x <%=>0<3x <§
SodFE® _ o5y 1 3><3><§><x”2= 9 VX
dx 1+ 9x 2 1+ 9x

On comparing
. 9
LX) = ———
9 1+ 9x°
[ ]
Questionl123
1 1

If2x =y +y ° = and (x® - 1)3—1% + 2x%! + ky = Othen 2 + k is equal to
[Online April 9, 2017]

Options:

A.-23

B.-24

C. 26

D. - 26

Answer: B
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Solution:
y1/5+y_1/5=2X

1 -a/5_1 -6/5\dy _
:(sy 57 )dx 2
:y'(y1/5 _y—1/5) - 10y
=>yl/5_|_y—1/5=2X
Syl /5y - P g
sy (2Yx2—1) =10y

2X

ﬁy"(Z\/x2—1)+y’2 = 10y’

2Vx% -1
=>y"(x2 —1)+xy = 5\/x2 - 1(y)
sy"(x? — 1) +xy — 25y = 0
A=1,k=-25

Questionl124

Let f be a polynomial function such that f (3x) = f'(x), f"(x), for all x € R.
Then :
[Online April 9, 2017]

Options:
A. f(b) +f'(b) =28
B.f"(b) —f'(b) = 0
C.f"(b) —f'(b) = 4
D. f(b) — f'(b) + £"(b) = 10

Answer: B
Solution:

Solution:

Let f(x) = ax’ + bx* + cx + d
=f(3x) = 27ax° + 9bx” + 3cx + d
=f'(x) = 3ax’ + 2bx + ¢

=f"(x) = 6ax + 2b

=f(3x) = f'(x)f "(x)

=27a = 18a*

=>a=%,b=0,c=0,d -0

=f(x) = %XS,

fr(x) = %XZ, f'(x) = 9%
Sf/(2) = 18

and £"(2) = 18
—f"(b) — £'(b) = 0

Questionl1l25

Ify= [x + {x? - 1]15+ [x - {x% - 1]15, then(x> — 1)3—3+X% is equal to
[Online April 8, 2017]

Options:
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B. 224y*
C. 225y°
D. 225y
Answer: D

Solution:

Solution:
y = {[x+ V2 -11"+ {x=yx2=-1}"
Differentiate w.r.t. 'x'

dy L2 _q)14 X 2 14 X
—=15(x+\/x—1) [1+—]+15(x—\/x—1) 1 — —
dX \/XZ_]. ‘/X2_1
~dy__ 15 ¢

dx  {x2—1

=\/X2—1.%=15y

Again differentiating both sides w.r.t. x

Vx2—1 dx 2 dx
=>X%+(X2 1)3—}232’

= 15(% 1.¢X25_ y =225y
Questionl1l26

Let a, b € R, (a # 0). if the function f defined as

f(x) = a , l=x<v2

is continuous in the interval [0, <), then an ordered pair (a, b) is:
[Online April 10, 2016]

Options:
A. (=V2,1-V3)
B. (vV2, =1 +V3)
C.(v2,1-v3)
D. (—V2, 1 +V3)
Answer: C

Solution:
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=
=

Continuity atx =1
2 a=a==V2
a

Continuity at x = v2a = v2

_2b°-4b
2V2
Puta =v2
2=b2=-2b=>b? -2b-2=0
b=2i‘/42+4'2=1i\/§

So, (a, b) = (V2,1 — V3)

Questionl127

If the function

—-X x<1
f(x) = '
(x) a+cos Hx+b), 1=x=<2
a

is differentiable atx = 1, then ; is equal to:
[Online April 9,2016]
Options:

m+ 2
A, >

m—2
B. 5

—-an-2
C. 5

D. -1- cos_1(2)

Answer: A

Solution:
Solution:
—X, x<1
f(x) = {
a+cos Hx+b), 1=x=<2

f (x) is continuous
= lim f(x) = lim a +cos™'(x + b) = f(x)

x-1" x-1%
=—1=a+cos {(1+Db)
cos{1+b)=-1—-a.... (a)
f (x) is differentiate
= LHD = RHD

-1
{1-( +b)?
21-(1+b?=1=2b=-1..... (b)
From (a) =cos_1(0) =—-1-a
2

a=_1_%ﬁa=_r[2_2 ....... (C)

=-1 =
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Question128

Forx € R, f(x) = | log2 - sinx| and g(x) = f (f(x)), then

[2016]

Options:

A. g'(0) = - cos(log2)

B. g is differentiable at x = 0 and g'(0) = - sin(log2)
C. g is not differentiable at x = 0

D. g'(0) = cos(log2)

Answer: D
Solution:

Solution:

(d) g(x) = £ (f(x))

In the neighbourhood of x = 0

f(x) = |log2 —sinx| = (log2 — sinx)
~.g(x) = |log2 —sin | log 2 — sinx]||

= (log 2 — sin(log 2 — sinx))

~.g(x) is differentiable

and g'(x) = —cos(log2 — sinx) (—cosx)
=g’(0) = cos(log 2)

Question129

Let k be a non-zero real number

(e*=1)
If f(x) = sin(%)log(1+%)12

12 , x#0

, x#0

is a continuous function then the value of Kk is:

[Online April 11, 2015]
Options:

A 4

B.1

C.3

D. 2

Answer: C

Solution:

Solution:

Sinre f(x) ic A cantiniiniic fiinctinn therefare limit of f(v) at v - N = wvaliie nf f(x) at N
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x-0

Sin%llog(1+§)

X

X

k 4
on applying limit we get
4k =12=>k =3

Questionl130

If the function.

g(X)_ { kvx+1, 0=x=3

mx+2, 3<x=<5H

is differentiable, then the value of k + m is:

[2015]
Options:

A.

wlS

B. 4
2

C.

16
D. 5
Answer: C

Solution:

Solution:

Since g (x) is differentiable, it will be continuous at x = 3

S lim g(x) = lim g(x)
x-3" x - 3"
2k=3m+2 ........ (1)
Also g(x) is differentiable atx = 0
o lim g'(x) = lim g'(x)

x -3 x - 3%
k =m

2V3+1

k=4m....... (2)

(1) and (2), we get Solving
_2,.8
~ 5775

k+m=

Ouestionl131
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If Rolle's theorem holds for the function f (X)ZX3 + bx2+cx, xe€[-1, 1], at

the point x = 1, then 2b + ¢ equals:
[Online April 10, 2015]

Options:
A. -3
B.-1
C.2
D.1

Answer: B
Solution:

Solution:
Conduction for Rolls theorem
(1) =1(-1)
1Y) _

and f (E) =0

- _ =1
c=—-2andb = 5
2b+c=-1

Questionl132

If the function

V2 +cosx — 1
f(x) = (m —x)?

k , X=1I

, X #1II

is continuous at x = o, then k equals:

[Online April 19, 2014]
Options:

A. 0

B.

N|+—

C.2

D.

NP

Answer: D

Solution:
Solution:
Since f (x) = Y2 +cosx =1 .

(m - x)?
Continuous atx =1
~L.H.L=R.H .L=1{(m)
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0-0 92
=11m( —cos0)—1 % 1
00 02 V2 —cosO +1
1

- ehr%%ose _ %(-.-coso =1)
1, 2sin’0/2 2 sin0 / 2

=Zlim&——~2 = Z]im2>——"~%
29—)0 92 29—»0 92

T .4

1. sinx )
4 il_l,% X =1

Questionl133

If f (x) is continuous and f (%) , then inf %3" ) is equal to:
[Online April 9, 2014]
Options:

A.

N|©

B.

(]| )

C.0

D.

|

Answer: B
Solution:

Solution:
Given that f (9) - 2

2
limf(1 COS3X) —11m(X7)
x=0 +50'1l—cos3x
9 24
s x* _ 1. 479
= lim 23x | Ehm 23x
x -0 D& x-0 in<24
2sin > sin >
= gxzim 3
X 2x-0 sin?2X
3x )2
2
lim1 )
_2 X0 {hmsmx 1}
9 . 23X x>0 X
SIII?
1i
X0 3x)?
2
-2 [11_.2
) [1] 9
[ ]
Questionl1l34
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Let f : R » R be a function such that |f (x)| = x?, for all x € R. Then, at

x=0,fis:
[Online April 19, 2014]

Options:

A. continuous but not differentiable.

B. continuous as well as differentiable.
C. neither continuous nor differentiable.
D. differentiable but not continuous.

Answer: B
Solution:

Solution:
Let |f(x)| = x%, VX ER
Now, atx =10, | f(0) | =0

=f(0) = 0
ey — 1o £ =F(0) _ . f(h)
A£(0) = lim Z5=EE = lim S (1)

Now, |f(hﬂ < (- | £(x) | =x?)

=—|h| <

=lim% 50....(2)

h-0
(using sandwich Theorem)
- from (1) and (2), we get f'(0) = 0,
i.e. - f (x) is differentiable, at x =0
Since, differentiability = Continutity

S (X)) <x?, for all x € R is continuous as well as differentiable at x = 0

Questionl1l35

Let f, g : R -» R be two functions defined by f (x) =

g(x) = xf (x)

Statement I: f is a continuous function at x = 0.
Statement II: g is a differentiable function at x = 0.

[Online April 12, 2014]

Options:

A. Both statement I and II are false.

B. Both statement I and II are true.

C. Statement I is true, statement II is false.
D. Statement I is false, statement II is true.

Answer: B
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Solution:

0, x=0
and g(x) = xf (x)
For f (x)
e . 1
LHL = lim { ~hsin ( -1 }

= 0 x a finite quantity between-1and 1 =0

RHL = lim hsinl =0
o o h
Also, f(0) =0
ThusLHL =RHL = f(0)
~f(x) is continuous atx = 0

XZSinl, x#0
g(x) = X

0, x=0
For g(x)
o Ch2ain (1
LHL_hlin(}*{ h sm(h) }
= 0%x a finite quantity between-1land 1 =0
. 2 . (1) _
RHL = hlan;h sm(H) =0
Also g(0) =0
".g(x) is continuous atx = 0

Questionl1l36

If f(x) = x> —x + 5, x> %, and g(x) is its inverse function,then g'(7)

equals:
[Online April 12, 2014]

Options:
1
A. 3
1
B-ﬁ
C. 3
1
D. 13
Answer: C
Solution:
Solution:
f(x)=y=x2—x+5
2_ 1 1. c_
X x+4 4+5 y
112,19 _
(X—E +T—y
(X_l oy 19
2 4
1_ _19
1 ! 19
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g(x)=%+ \/x—%
G0 = — L

2\/x—£
| _ 1 1
9(7)_2\/7_19 _2\/282—19_3
Questionl137

If f and g are differentiable functions in [0, 1] satisfying f (0) = 2 = g(1),
g(0) = 0 and f (1) = 6, then for some c € [0, 1]
[2014]

Options:
A. f'(c) = g'(c)
B. f'(c) = 2g'(c)
C. 2f'(c) = g'(c)
D. 2f'(c) = 3g'(c)

Answer: B
Solution:
Solution:
Since, f and g both are continuous function on [0,1]and differentiable on (0,1) then 3c € (0, 1) such that
g f(1)—£(0) _6-2 _
f'(c) = 1 == = 4
ey — 9(1)=g(0) _2-0 _
and g’(c) T 1 2
Thus, we get f'(c) = 2g’(c)
Questionl138

Let f(x) =x|x|,g(x) = sinx and h(x) = ( gof )(x). Then
[Online April 11, 2014]

Options:

A. h(x) is not differentiable at x = 0.

B. h(x) is differentiable at x = 0, but h'(x) is not continuous at x = 0
C. h'(x) is continuous at x = 0 but it is not differentiable at x = 0

D. h'(x) is differentiable at x = 0

Answer: C
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Solution:
Letf(x) =xx| =xx|,g(x) =sinx
and h(x) = gof (x) = glf (x)]

.2
sinx x=0
—sinx®, x<0
2xcosx2, x=0

Now, h'(x) = {

—2xcosx2, x<0

Since, L.H.L and R.H.L at x = 0 of h'(x) is equal to 0 therefore h'(x) is continuous at x = 0

Now, suppose h'(x) is differentiable
2(cosx* + 2x*(—sinx?), x=0
-'-h"(X) =

2(—cosx2 + 2x° sinxz), x<0

Since, L.H.L and R.H.L at x = 0 of h"(x) are different therefore h"(x) is not continuous.

= h"(x) is not differentiable
= our assumption is wrong
Hence h'(x) is not differentiable at x = 0.

Question139

Let fori =1, 2, 3, p;(x) be a polynomial of degree 2 in x, p,'(x)and p",(x)
be the first and second order derivatives of p,(x)respectively. Let,

p,(x) p,(x) p,"(x)
A(x) = p,(x) p,(x) p,"(x)
pP;(x) p5(x) p;"(x)

and B(x) = [A(X)]TA(X). Then determinant of B(x)

[Online April 11, 2014]
Options:

A. is a polynomial of degree 6 in x.
B. is a polynomial of degree 3 in x.
C. is a polynomial of degree 2 in x.
D. does not depend on x.

Answer: A
Solution:

Solution:

Let p,(x) = a,x* + b;x + ¢,

P,(x) = a,x* + b,x + ¢,

and p,(x) = a,x* + bx + ¢,

where a,, a,, a, by, b,, bs, ¢y, ¢, c; are real numbers.

a1x2 + blx +c 2alx + b1 2a1
S Ax) = a,x’+bx+c, 2ax+b, 2a,
a3x2 + b3x +c, 2a3x + b3 2a3
2 2 2
|' ax"+bx+c ax +bx+c, a;x"+byx+c, '|
B(x) =

2a.x + b. 2a.x + b. 2a.x + b.
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2
a,;x”+ blx +c, 2a;x+ b1 2a,

2
X ax“+bx+c, 2a,x+b, 2a,

2
ax” + b3x +c, 2a3x + b3 2a3

It is clear from the above multiplication, the degree of determinant of B(x) can not be less than 4.

Question140

If the Rolle's theorem holds for the function f (x) = 2x> + ax® + bx in the
interval [-1,1] for the pointc = 1, then the value of 2a + b is:

[Online April 9, 2014]
Options:

Al

B.-1

C.2

D.-2

Answer: B

Solution:

Solution:
f(x) = 2x° + ax? + bx

let,a=-1,b=1
Given that f (x) satisfy Rolle's theorem in interval [-1,1]
f (x) must satisfy two conditions.

(1) f(a) = £(b)

(2) £'(c) = 0 (c should be between aand b))
f(a) =f(1)=2(1)>+a(1)*>+b(l) =2+a+b
f(b) =f(-1) =2(-1)> +a(-1)* + b(-1)
=—-2+4+a->b
) = f(b)

a+b=-2+a->
= -4

-2

O NN
1 +w

—_

. 1
given that c = f)
f'(x) = 6x* +2ax+b
atx = % £(x) = 0

3 -
§+a+b—0

3
§+a

a=2-

(e}
NI»—\NIH

2
3
2

2a+b=2x

Questionl41

Consider the function :

f(x)=[x]1+11—-x],—-1 =x = 3 where [x] is the greatest integer function.
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Statement 2 :

-Xx, —-1=x<0

1-%x, O0=sx<1
f(x) = 1+4x, l=x<2

2+x, 2=x=3
[Online April 25, 2013]
Options:
A. Statement 1 is true ; Statement 2 is false,

B. Statement 1 is true; Statement 2 is true; Statement 2 is not correct explanation for Statement
1.

C. Statement 1 is true; Statement 2 is true; Statement It is a correct explanation for Statement
1.

D. Statement 1 is false; Statement 2 is true.

Answer: A
Solution:

Solution:
Letf(x)=[x]+|1—-x|,-1=x=3

where [x] = greatest integer function.

f is not continuousatx=20,1, 2,3

But in statement- 2f (x) is continuous at x = 3.
Hence, statement- 1 is true and 2 is false.

Question142

Let f be a composite function of x defined by
fu) == 1

y u(x) = —.
Then the number of points x where f is discontinuous is :
[Online April 23, 2013]

Options:
A 4

B. 3

C.2

D. 1
Answer: B

Solution:

Solution:

nx) = ﬁ which is discontinous atx =1
1

fin = 1 =
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1 __ =1
x—1_ 27%X73
1 _ _
X_1—1=>x—2

when u = —2, then

when u = 1, then

Hence given composite function is discontinous at three points, x =1, % and 2.

Questionl143

Letf(x) =-1+|x—-2|,and g(x) = 1- | x| ; then the set of all points

where f og is discontinuous is :
[Online April 22, 2013]

Options:

A. {0, 2}

B. {0, 1, 2}

C. {0}

D. an empty set

Answer: D
Solution:

Solution:
fog=1f(g(x)) =1f(1-|x|)
=—-14+|1-|x]|-2]
=—=14+|—-|x|-1] ==14+ | x| +1]
Letfog=y
ry = =1+ x| +1]

{ -1+x+1, x=0
=2y =

-1-x+1, x<0

{ x, x=0
=>y=

-X, x<0
LHL at (x = 0) = lim(—x) =0
x->0
RHL at (x = 0) = lim(x) =0
x -0

Whenx =0, theny =0

Hence, LHL at (x = 0) = RHL at (x = 0)
= value of y at (x = 0)

Hence y is continuous at x = 0.

Clearly at all other point y continuous. Therefore, the set of all points where fog is discontinuous is an empty set.

Question144
If y = sec(tan™ 'x), then % atx =1 is equal to:
[2013]
Options
1
A. ﬁ
B.1
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C.1
D.V2
Answer: A

Solution:

Solution:
Lety = SeC(tan_lx) = sec(sec_1 \/ 1+ xz)
sy=V1+x

Questionl145

2 2
If the curves £ + L = 1 and y° = 16x intersect at right angles, then a

value of a is :
[Online April 23, 2013]

Options:
A. 2
4
B. 3
1
C. 5
3
D. 1
Answer: B
Solution:
Solution:
2 2
.S 2x 2y dy _
+ a 1= o + 4 - 0
dy _ —4x (i)
ax oy
3 = 2 d—z = d—y = ﬁ i
y 16x = 3y > p 16=dX 3y2 ...... (ii)
Since curves intersects at right angles
2. 9V 1—62 = —1=3ay’ = 64x
ay 3y
_ 64x _ 4
>0 = = =
3x16x 3
[]
Question146

Fora>0,t€E (0;%).letx= \/aSin_ltandy= ‘/acos_ftThen, 1+ (%)2
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[Online April 22, 2013]

Options:

AL
2

B.%

C X +y

D.X +y

Answer: D
Solution:

Solution:
letx = v At

sin” 't

=>X2 = a
=2logx = sin_lt.loga
L2 _ loga dt

xloga T dx

Now, lety = \/aCOS_1t
=2logy = cos 't.loga
2 dy _ —loga dt

y dx ¢ dx
T 2

2 dy _ —loga _2V1-t
:y'dx_ \/1_t2>< xloga (from (1)
4y _ Yy
dx X

M 2 __y 2 X2+y2
Hence 1+(dX _1+(X =0

[ ]
Questionl147

2

Let f(x) = X’; 'Xxx # 0, —2. Then %[f ~1(x)] (wherever it is defined) is equal

+ 2
to:
[Online April 9, 2013]

Options:

A ——1
(1-x)?

B. —3 _
(1-x)?

c. 1
(1-x)?

p J.
(1-x)?

Get More Learning Materials Here : &

@ www.studentbro.in



Solution:

Solution:
2
lety = = —X
y x? + 2x

=>(x2 + 2x)y = x? —x

=X(x+ 2)y = x(x — 1)
=>xX[(x+2)y-(x—-1)]=0

vx#0, . (x+2)y-(x—=1)=0
=xXy+2y—-x+1=0
=x(y—-1)=-Q2y+1)

2y+1 -1y 2x+1

1-y £ 1-x

d (fl(x)) = 2(1 —x)— 2x+ 1)(-1)

SX =

dx (1—x)2
_2—-2x+2x+1_ 3

(1-x)? (1-x)°

Questionl148

If f (x) = sin(sinx) and f"(x) + tanxf’(x) + g(x) = 0, theng(x) is :
[Online April 23, 2013]

Options:

A. cos?x cos(sin x)
B. sin’x cos(cos x)
C. sin’x sin(cosx)
D. cos’x sin(sinx)
Answer: D

Solution:

Solution:

f (x) = sin(sinx)

=f’(x) = cos(sinx) . cosx

=f"(x) = —sin(sinx) . cos’x +cos(sinx) . (—sinx) = —cos’x . sin(sinx) — sinx . cos(sinx)
Now f"(x) + tanx.f'(x) + g(x) = 0

=g(x) = cos’x . sin(sinx) +sinx . cos(sinx)—tanx . cosx . cos(sinx)

=g(x) = cos’x . sin(sinx)

Question149

If f : R » R is a function defined by f (x) = [x] cos ( 2l ) n, where [x]

denotes the greatest integer function, then f is.
[2012]

Options:
A. continuous for every real x.

B. discontinuous only at x = 0
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D. continuous only at x = 0.

Answer: A

Solution:

Solution:
Let f (x) = [x] cos( ZXZ‘ 1 )

We know that [x] is discontinuous at all integral points and cos x is continuous at x € R
So, checkatx=n,n €1

L.H.L= lim[x]cos(zx_l)n

- 2
X=n

2n2—1)n=0

(~'[x] is the greatest integer function)
R.H .L= lim [x]cos(zx_l)n

X=n 2
2n—1

5 ) =0
Now, value of the function at x = n is
f(n)=0
Since, L.LH.L = R.H.L. =f (n)
2x — 1

2

= (n—1)cos(

= ncos(

therefore f (x) = [x] cos( ) is continuous for every real x.

Questionl1l50

Letf : [1, 3] » R be a function satisfying % =f(x) =v6—-x, forallx #2

and f(2) = 1 ,where R is the set of all real numbers and [x] denotes the
largest integer less than or equal to x.
Statement 1: ;, f (x) exists.

Statement 2: f is continuous at x = 2.
[Online May 19, 2012]

Options:
A. Statement 1 is true, Statement 2 is true, Statement 2 is a correct explanation for Statement 1.
B. Statement 1 is false, Statement 2 is true.

C. Statement 1 is true, Statement 2 is true, Statement 2 is not a correct explanation for
Statement 1.

D. Statement 1 is true, Statement 2 is false.

Answer: D

Solution:
Solution:
Consider = < f(x) =v6—x
[x]
X _ 2 _
:Xlinélim = 1 2

= 1limve—x=2
x-2"
therefore lim f(x) = 2 [By Sandwich theorem]

X =2
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Hence by Sandwich theorem lim f (x) does not exists.
x-2%

Therefore f is not continuous at x = 2. Thus statement-1 is true but statement- 2 is not true

Questionl51

Statement 1: A function f : R - R is continuous at x, if and only if iin f (x)

X=X,

exists and in f (x) = f(x,)

X=X,

Statement 2: A function f : R - R is discontinuous at x;, if and only if,
1im f (x) exists and im f (x) # £(x,).

X—’XO X—)XO

[Online May 12, 2012]
Options:

A. Statement 1 is true, Statement 2 is true, Statement 2 is not a correct explanation of
Statement 1.

B. Statement 1 is false, Statement 2 is true.
C. Statement 1 is true, Statement 2 is true, Statement 2 is a correct explanation of Statement 1.
D. Statement 1 is true, Statement 2 is false.

Answer: D
Solution:

Solution:

Statement - 1 is true.

It is the definition of continuity.
Statement - 2 is false

Questionl1l52

Comnsider the function, f(x) = |x-2|'+|x-5|,x€E€R.
Statement- 1: f'(4) =0

Statement - 2: f is continuous in [2, 5], differentiable in (2,5) and
f(2) = £(5).

[2012]

Options:
A. Statement-1 is false, Statement-2 is true.
B. Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for Statement-1.

C. Statement-1 is true, statement-2 is true; statement-2 is not a correct explanation for
Statement-1.

D. Statement-1 is true, statement-2 is false.

Answer: C

o _1__n°® _ __
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Solution:

f(x) = |x—2| = {

3 { x—2 , x=2
2—-X , X<2

Similarly,
-5, x=5
f(x) = [x—5| = { X x=
5-x , x<5
X)) = |x=2 |+ |x=5]

={x—-2+5-x=3,2=x=<5}
Thusf(x) =3,2=<x=<5
f'x)=0,2<x<5
f'4)=0
' Statement-1 is true

m

X

2 3

Since f(x) = 3, 2 = x < 5 is constant function.
So, it continuous in 2,5 and differentiable in (2,5)
“f(2)=0+]2-5] =3

andf(5)= |5=-2|+0=3

statement- 2 is also true.

Questionl1l53

If f(x) = a | sinx | +be™ + cx |?, where a, b, c € R, is differentiable at

x = 0, then
[Online May 26, 2012]

Options:

A. a =0, b and c are any real numbers
B.c =0, a=0, bis any real number
C.b =0, c =0, ais any real number
D.a =0, b =0, cis any real number
Answer: D

Solution:

Solution:

Isinx| and e/

are not differentiable at x = 0 and |x|* is differentiable at x = 0
.~ for f (x) to be differentiable at x = 0, we must have a = 0, b = 0 and c is any real number.

Question154

If x+ |y | =2y, thenyas a function of x, atx =0 is

[Online May 7, 2012]

Options:
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B. continuous but not differentiable
C. continuous as well as differentiable

D. neither continuous nor differentiable

Answer: B
Solution:

Solution:

Givenx+ |y | =2y
2X+y=2y0orx—y=2y
=>xX =yorx =3y

This represent a straight line which passes through origin.

Hence, x+ | y| = 2y is continuous at x = 0.

Now, we check differentiability at x = 0
x+|y| =2y=2x+y=2y,y=0
x—y=2y,y<O0
X, y<0 }
x/3, y=0
f(x+h)—-f(x)
—-h

Thus, f(x) = {

Now, L.H.D. = lim
h-0"
Xx+h-x_

—h -1

= lim
h-0"
R.H.D= lim

-0t

f(x+h)-f(x)
b h
x+h x
=lim73 3=liml=l
ho 0" h ho 0" 3
Since, LH.D # R.H.D.atx =0

. given function is not differentiable at x = 0

Questionlb55

If £'(x) = sin(logx) and y = f (

[Online May 12, 2012]

Options:
i 2x + 3
A. sm[log(3_2x) ]
_ 12
" (3 - 2x)?
C.L' [1 (2X+3)]
(3 - 2x)? S0 3%
D. 12 [ 1 ( 2x + 3 ) ]
G207 L0932k
Answer: C
Solution:
Solution:
Let f'(x) = sin[logx] and y = f ( gX_+2i

e ) , then ¢! equals
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o 2x + 3 [(6 —4x) — (—4x —6)]
_s1n[log(3_2X) (X3 2X)x

— ﬁ ) sin[log( :Z),X_+2i ) ]

Questionl56

Consider a quadratlc equatlon ax’ + bx + ¢ = 0, where2a + 3b + 6¢c = 0
and let g(x) = a— + b— + CX.

Statement 1: The quadratic equation has at least one root in the interval
O, 1).

Statement 2: The Rolle’s theorem is applicable to function g(x) on the
interval [O, 1].

[Online May 19, 2012]

Options:
A. Statement 1 is false, Statement 2 is true.
B. Statement 1 is true, Statement 2 is false.

C. Statement 1 is true, Statement 2 is true, Statement 2 is not a correct explanation for
Statement 1.

D. Statement 1 is true, Statement 2 is true, , Statement 2 is a correct explanation for Statement
1.

Answer: D
Solution:

Solution:
2

3
Letg(x)=a%+b.%+cx

g(x) = ax’ +bx +c
Given: ax’+bx+c=0and2a+3b+6c=0
Statement-2:

(i)g(0)=0andg(1)=§+13+c=w
3 2 6

_0_

_6 O

=g(0) = g(1)

(ii) g is continuous on [0,1] and differentiable on (0,1)

. By Rolle's theorem 3k € (0, 1) such thatg'(k) =0

This holds the statement 2 . Also, from statement-2,we can say ax> + bx + ¢ = 0 has at least one root in (0,1).
Thus statement- 1 and 2 both are true and statement- 2 is a correct explanation for statement-1.

Questionl1l57
Define f (x) as the product of two real functions
sinl, ifx =0
f]_(X)=X;X ER; and fZ(X)= x’
0, ifx=0

as follows:
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f (x).f (x), ifx=0
f(x)={ -

0, ifx=0

Statement -1: f (x) is continuous on R

Statement -2: f,(x) and f ,(x) are continuous on R

[2011RS]

Options:

A. Statement -1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-

1.

B. Statement-1 is true, Statement-2 is true; Statement-2 is NOT a correct explanation for

Statement-1
C. Statement-1 is true, Statement-2 is false
D. Statement-1 is false, Statement-2 is true

Answer: C
Solution:

Solution:
xsin(1/x), x#0

Given that f (x) = {
0, x=0

Atx =0

5 . 1
LHL = hlirrol’ { —hsm( _H) }
= 0 X a finite quantity between-1and 1 =0
RHL = lim hsins = 0

ho o h

Also, f(0) =0 Thus LHL = RHL = f(0)
~.f(x) is continuous on R.
but f,(x) is not continuous atx =0

Questionl158

The values of p and q for which the function

sin(p + 1)x + sinx

x<0
X
f(X)= q x=0
Vx+x2—Vx
- x>0

X3/2

is continuous for all x in R,are
[2011]

Options:

N =

A.ng’qz

B.p=—%,q=%
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C.p=

N|—
Q
Il

N

Q
Il
|
N|wW

’

N| =

D.p=

Answer: B

Solution:

Solution:

L.H.L= limf(x)
(atx = 0) x-0"

B L ( ESNEUTECLL SR
h-0"

R.H .L = limf(x)

+
x-0

=hm\/x+x2—x/§ Ix+x+vx _ 1 _1
h-0 x3/? Vx + %2 +vx 1+1 2
f(0)=2

Given that f (x) is continuous atx =0

: —g=1

..p+2—q—2

3 1
“P=-3d=3

Questionl1l59

If function f (x) is differentiable at x = a,

x*f(a) — a%f (x)

then jin————is:

X—=a

[2011RS]
Options:

A. —a’f’(a)

B. af (a) — a’f(a)
C. 2af (a) — a*f'(a)
D. 2af (a) + a*f(a)
Answer: C

Solution:

Solution:
2 2
lim X f(a) —a’f(x)
X-a X—a
Applying L-Hospital rule
— 2 .

= 1im 2R 20 _ 9ap o) - a2 (a)

X—a

Questionl160

dx .
o2 equals:
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d dx
_ (4% (g 3
c (de) dx

, \ -1

D. ( d’y )
dx?

Answer: C

Solution:

Solution:

|o-
[oN
><
o
bl

_=i(

dy dx\dy
]
dx X2

Q.
»

i

o,
<!
N
o,
o
N
ala
x|<<:|'_‘

1
/dx

dx
dy

Questionl61

Letf : (-1, 1) » R be a differentiable function with f(0) = — 1 and

£(0) = 1. Let g(x) = [f (2f (x) + 2)1°. Then g'(0) =

[2010]
Options:
A. -4

B. 0

C. -2

D. 4

Answer: A

Solution:

Solution:

Given that g(x) = [f (2f (x)) + 2]°

200 = 262600 +2)) (221 (0 + 2)) )

=2f (2f (x) + 2)f'(2f (x)) + 2) .(2f'(x))
=g'(0) = 2f(2f(0) + 2. £7(2f(0) + 2).
2f°(0) = 4f (0)(f'(0))* = 4(=1)(1)* = -4
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Questionl162

Let y be an implicit function of x defined by x** — 2x*coty — 1 = 0. Then
vy (1) equals
[2009]

Options:
A1l

B. log 2

C. -log 2
D. -1
Answer: D

Solution:

Solution:

x* - 2x*coty —1 =0
=2coty =x"—x*%
Let u = x*

—u-1
=2coty =u 1

Differentiating both sides with respect to x, we get
1\)du
uldx
Now u = x* Taking log both sides
=logu = xlogx
ldu _
:EE =1+ IOgX
du I
ﬁdx =x (1 +logx)
- We get

- 2ﬂ=(
2COS€Cde 1+

—2X) X

—2COSGC2Y% =(1+x .X (1 +1logx)

L4y _ X+ x7(1 +1ogx)
dx —2(1 + cot?y)
Putn = 1 in eqn. x** — 2x*coty — 1 = 0, gives

1—-2coty—-1=0

=coty =0

- Putting x = 1 and coty = 0 in eqgn. (i), we get
gy L+ 1) +0) _

Yy =""Farg -1

Questionl63

Let f (x) = x | x| and g(x) = sinx.

Statement-1 : gof is differentiable at x = 0 and its derivative is
continuous at that point.

Statement-2 : gof is twice differentiable at x = 0.

[2009]

Options:

A. Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for
Statement-1.
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C. Statement-1 is false, Statement-2 is true.

D. Statement-1 is true, Statement-2 is true; Statement-2 is a correct explanation for Statement-

1.

Answer: B
Solution:

Solution:

Given that f (x) = xx| and g(x) = sinx

So that

gof (x) = g(f (x)) = g(x | x|) = sinx | x|

{ sin(—xZ), ifx<O { —sinxz, ifx<O

sin(xZ) ifx=0 sin(xZ) ifx=0

) —2xcosx2, ifx<O
~(gof)(x) = )
2xcosx”, ifx=0

Here we observe L(gof)(0) = 0 = R(gof)'(0)
= go f is differentiable atx = 0
and (gof )’ is continuous atx = 0

{ —2cosx’ + 4xzsinx2, x<0

2

Now (gof)"(x) = 5 5
2cosx” —4x“sinx”, x=0

Here
L(gof)"(0) = —2 and R(gof)"(0) = 2
"L(gof)"(0) = R(gof )"

= go f (x) is not twice differentiable at x = 0.
.. Statement - 1 is true but statement -2 is false.

Questionl164

(x —1)sin ifx=#1

1
x—1
0 ifx=1

Let f(x) =
Then which one of the following is true?
[2008]

Options:

A. fis neither differentiable at x = O nor at x =1

B. fis differentiable at x = 0 and at x =1

C. fis differentiable at x = O but notatx =1
D. fis differentiable at x = 1 butnotatx =0

Answer: C

Solution:

Solution:

Given that,
. 1 .

Flx) = { (x 1)smx_1 , ifx=1
0 , ifx=1
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RH.D. = limf1+B) =f(1)
h0 h
1
hsmH—O 1
= lim————— = lim sin = = a finite number
h-0 h h-0 h
Let this finite number be |
LHD = limtd=h)—f()
h—0 —h
. . 1 . . 1
= lim—hsin|—|—-h = limsin|{ —
h-0 (_h) h-0 (_h)
= ~limsin(+ | = —(a finite number ) = -1
h-0 h

ThusR.H.D=#L.H .D
.. fis not differentiableat x =1

1 x—1

Atx =0 f’(0) = sin - COS( L )]x=0

(x—-1) (x—1)2 x—1
= —sinl + cos1

. f is differentiable at x = 0

Questionl65

The function f : R/ {0} -» R given by

f(x)=1-_2

X eZX_l

can be made continuous at x = 0 by defining f (0) as

[2007]
Options:
A. 0

B.1

C.2

D.-1
Answer: B

Solution:

Solution:

X =

Given, f(x) = = — T is continuous atx =0
e

~£(0) = lim+ — __2

X—)OX eZX_l

—(eZX — 1) _)ZX: [%form]

= lim T
x-0 x(e -1
- Applying, L'Hospital rule
Differentiate two times, we get
4eZX
f(0) = lim
x-02(xe”2 + ™. 1) + e**. 2
. 4e%*
= lim
x-04xe? + 2% + 2e
4e%* 4.¢°

x-04(xe”™ +e%) 40 + €%

o [ %form]

Questionl66
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which of the following is true?
[2007]

Options:

A. f(x) is differentiable everywhere
B. f (x) is not differentiable at x = 0
C.f(x)=z1forallx€R

D. f (x) is not differentiable at x =1
Answer: A

Solution:

Solution:
f(x) =min{x+1, |x|+1}
=>f(x)=x+1VXER

Y
¥ x4+ y=x+1l

(0 1)

(-1

Since f(x) = x + 1 is polynomial function

Hence, f (x) is differentiable everywhere for all x € R.

Questionl67

A value of c for which conclusion of Mean Value Theorem holds for the
function f (x) = log x on the interval [1,3] is

[2007]
Options:
A. log,e

B. log 3
C. 2log,e
D. %10g3e
Answer: C

Solution:

Solution:
Using Lagrange's Mean Value Theorem
Let f (x) be a function defined on [a, b]

then, f'(c) = LR} —f(a)

T e
c € [a, bl
- Given f (x) = log x ~-f'(x) = %
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1_£3)-f(1)

3-1
1 log 3 —log,1 _ log,3
C 2 2
=2 -
=C = Tog 3 =c = 2log,e

e

Questionl168

The set of points where f (x) =

[2006]

Options:

A. (=, 0) U (0, »)

B. (=, =1)u (=1, «)
C. (=, »)

D. (0, )

Answer: C

Solution:
Solution:
X
T—x' x<0
f(x) =
L, x=0
1+x

f(x) = x1 —xis not define at x # 1 but here x < 0 and f (x)

continuous for x € R.

and f(x) =
x=0

(1+x)?%
- f'(x) exist at everywhere.

is differentiable is

X

= is not define at x = —1 but here x > 0. So, f(x) is

1+x

Question169

Ifx™.y" = (x+y)"*" then {! is

[2006]

Options:
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Answer: A
Solution:

Solution:
Xtyl=(x+y)
taking log both sides
=>mInx+nlny = (m + n) In(x +y)
Differentiating both sides, we get

m+n

. n_y m+n( + )
x ydx X+y
=>(m_m+n =(m+n_g)d_y
x+y x+y vy X

my-—nx _ (my—nx dy

X(x +y) yx+y) I dx
Sdy _y

dx x
Questionl1l70

If f is a real valued differentiable function

satisfying|f (x) — f (y)]
[2005]

Options:
A -1
B.0

C.2

D. 1

Answer: B

Solution:
Solution:
Given that |f(x) = f(y)| = (x—y)., x,yER
£(x) = lim L&+ hﬁ — f(x)
h-0
2
f'(x)| = lim flx+h)-f(x) _f(x)| <lim %
h-0 h h-0

X)|=0=f"(x)=0
=f (x) = constant
Asf(0)=0
=>f(1)=0

s(x—y)z,x,yERandf(O)=O,

Questionl71

Suppose f (x) is differentiable at x = 1 andiin

equals
[2005]

Options:
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B. 4
C.5
D.6

Answer: C
Solution:

Solution:
(c) £/(1) = hmw;
h-0 h
Given that function is differentiable so it is continuous also
and limE*10) _ 5 504 hence £(1) = 0

h-0 h
Hence, £/(1) = lim L+ _ 5
h-0 h

Questionl72

Let f be differentiable forallx. If f (1) =-2and f'(x) = 2 forx € [1, 6],
then
[2005]

Options:

A.f(6)=8
B.f(6) <8
C.f(6)<5
D.f(6) =5
Answer: A

Solution:

Solution:

Asf(l) = -2 &f'(x) = 2Vx €[1, 6]
Applying Lagrange's mean value theorem
=>f(6) = 10+ f (1)

=f(6) =10—-2=f(6) = 8.

Questionl73

. -1 —
If the equationa x"+a _,x"""+....+a,x=0a,#0,n=2, hasa
positive root x = «, then the equation na x"~ ly(n-1)a no X 2

+...... + a; = 0 has a positive root, which is
[2005]

Options:
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B. smaller than «
C. greater than or equal to «
D. equal to

Answer: B
Solution:

Solution:
Letf(x)=anxn+an_1xn_1+ ...... +a,x=

The other given equation,
nanxn_1+(n—1)an_lxn_2+ ......... +a,=0="f"(x)
Givena, = 0=1(0) =0

Againf (x) has roota, =f(a) =0

~f(0) = f(a)

.. By Rolle's theorem f’(x) = 0 has root between (0, «)
Hence f’(x) has a positive root smaller than a.

Questionl74

Letf(x) =112 x =2 x € [0,2]

If f (x) is continuous in [O, g], then f (%) is
[2004]

Options:

A -1

Answer: C

Solution:
Solution:
Given that f (x) = 1 -tanx o ontinuous in [O, E]
4x — 2
of lim f(x) = lim f (x)
(3) = i te0 = 7,
4 4
im f(x) = limf (X +h
£ = Jim (+n)
1+ tanh
1~ tan (%41 _L+tanh
= lim 4 ,h>0=lim14;htanh
h-0 II h-0
-2 tanh _ =2 _ 1 [..;; tan® _
= hmI—nh an -1 - 2 [ehf% ) 1]
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Questionl75

IfX — ey+ey+....t0w

[2004]

Options:

A. 1+x

B. L
X

C. 1-—-x

D X

Answer: C
Solution:

Solution:

Given thatx = "¢
Taking log both sides.

,x>0,then%is

logx = y + x differentiating both side =§ - g—i
dy _ 1 _ 1= 1-—x
Tdx T x X
L]
Questionl76

If 2a + 3b + 6¢ = 0, then at least one root of the equation ax>’+bx+c=0

lies in the interval
[2004]

Options:
A. (1, 3)
B. (1, 2)
C. (2, 3)
D. (0, 1)

Answer: D

Solution:
Solution:
Let us define a function
f(x) = act bt
=3 T Te
Being polynomial, it is continuous and differentiable, also,
f(0)=0andf(1)=%+g+c
Sf(1) = 28a+3b+6¢ _ 4 yiven)

A
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i.e. ax?> + bx + ¢ = 0 has at lease one root in (0,1)

Questionl77
_(L+l)
If f(x) = xe '[x| x x#0
0 , x=0
then f (x) is
[2003]
Options:

A. discontinuous every where

B. continuous as well as differentiable for all x

C. continuous for all x but not differentiable at x = 0

D. neither differentiable nor continuous at x = 0

Answer: C
Solution:

Solution:

_(i+l)
Given that £(0) = 0; f(x) = xe '[X| X
R.H.L=lim(O+he 2 =1lim-2 =0

h-0 h—)OGZ/h

_ l_l)
L.H.L=1m(0—-h)e 'h h
h-0
therefore, f (x) is continuous at x = 0.
1 1
NEY
Now, R.H .D = lim{0+he 0 h -0_,
h-0 h
_(l_l
LH.D. = lim{Q=he h h'-0_,
h-0 —h
therefore, L.H.D. # R.H.D.
f (x) is not differentiable at x = 0

=0

Questionl78

Let f(x) be a polynomial function of second degree.If f(1) = f(-1) and
a,b,c are in A. P, then f'(a), f'(b), f'(c) are in

[2003]

Options:

A. Arithmetic -Geometric Progression
B. AP

C.G..P
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Answer: B
Solution:

Solution:

f(x) =ax’+bx+c

f(1)=£(-1)

=sa+b+c=a—-b+corb=0

~f(x) = ax* 4+ c or f'(x) = 2ax

Now f’(a); £'(b) and £'(c)

are 2a(a); 2a(b); 2a(c)

i.e. 2a%, 2ab, 2ac

= |fa, b, carein A.P. then f’(a); £'(b) and f’(c) are also in A.P.

Questionl79

If f (x) = X, then the value off (1) — f'(1)1! + &0 — L0 4 U g
[2003]

Options:
Al

B. 2"
C.2"-1
D. 0.

Answer: D
Solution:

Solution:

Giventhat f(x) = x"=>f(1) =1
f(x)=nx""!=f(1)=n

f'x) =nn-1)x""?=f"(1) =nn - 1)

£, £"() _ .. (=1)""(1)
F(1) = 7 + 5 — £(D3+.e, +
(n—1) (n—=1)n-2) n n!
=1—%+nn2! - an 3!“ o+ (=1) %
="Cy—="C;+"C, = "C3+....... +(=1)""C,
=(1-1)"=0
Questionl180

Let f (a) = g(a) = k and their nth derivativesf "(a), g"(a) exist and are not

equal for some n. Further if
mf(a)g(X)—f(a)—<91(a)f(X)+f(a) =4

li

‘oa g(x) — f(x)

then the value of k is
[2003]

Options:
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B. 4
C.2
D.1

Answer: B

Solution:
Solution:
lim ()9 (x) — g(a)f'(x) _ , (By Applying L’ Hospital rule)

X—-a g'(X) - f,(X)
limk (x) = kf'(x) _ 4
X—-a gI(X) - f,(X)

Questionl181

f is defined in [-5, 5] as

f (x) = x if x is rational

= - x if x is irrational. Then
[2002]

Options:

A. f (x) is continuous at every x, except x = 0

B. f (x) is discontinuous at every x, except x = 0
C. f (x) is continuous everywhere

D. f (x) is discontinuous everywhere

Answer: B
Solution:

Solution:
Let a is a rational number other than 0, in [-5,5] ,then f(a) = a and limf(x) = —a

X—a
~x »a andx - a* is tends to irrational number
~.f (x) is discontinuous at any rational number
If a is irrational number, then
f(a) = —a and limf (x) = a
X—=a
~.f (x) is not continuous at any irrational number. Forx = 0, limf(x) =f(0) =0
X=a

~f(x) is continuous atx =0

Question182

Iff(x+y)=1(x).f(y)Vx.yand f(5) =2, £'(0) = 3, then £'(5) is
[2002]

Options:

A. 0
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C.6
D.2

Answer: C
Solution:

Solution:

Given that f(x +y) = f(x) X f(y)

Differentiate with respect to x, treating y as constant
f'ix+y) =1f'xf(y)

Putting x = 0 and y = x, we get f'(x) = £(0)f (x);
=f(5)=3f(5)=3%x2=6

Question183

Ify = (x+ {1+x*)" then (1 +x*)%Y +x% is
[2002]

Options:

A. nzy

B. —nzy

C. -y

D. 2X2y

Answer: A

Solution:

Solution:

Given thaty = (x+ \/1 +X2)n ....... (i)
Differentiating both sides w.r. to x

dy _ T, Z\n-1 1 2\=1/2
ﬁ—n(x+\/1+x) (1+§(1+x) .2X)
- 2
dy _ (x4 Tt e +x
dx \/1+x2
=n(\/1+x2+x)n
\/1 + x?

or{1+ x2% = ny [from (i)]

>{1+x%y, = ny('.'y1 = g—i) Squaring both sides,

we get (1 +xY)y,* = n’y?
Differentiating it w.r. to x,
(1+x%)2y,y, +y,>.2x =n*.2yy,
=(1+ )(2)y2 +xy, = nzy

Question184
If 2a + 3b + 6¢ = 0, (a, b, c € R) then the quadratic equation
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[2002]

Options:

A. at least one root in [0, 1]
B. at least one root in [2, 3]
C. at least one root in [4, 5]
D. None of these

Answer: A

Solution:
3 2
ax bx
Let f(x) = T+T+CX

b

=f(0) = 0 andf (1) = %+— +c

2

=2a+3b+6c

=0

Also f (x) is continuous and differentiable in [0,1] and [ 0,1 ] So by Rolle's theorem, f’(x) = 0.
i.e ax’ + bx + ¢ = 0 has at least one root in [0,1]
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